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Learning Unit 1 — Apply fundamentals of integrals

LO 1.1 - Calculate the primitive functions

e Definition
Integration is the reverse process of differentiation. When we differentiate we start with an
expression and proceed to find its derivative. When we want to find the primitive function (integral),

we start with the derivative and then find the expression from which it has been derived.

d, . - : .
For example, d—(Sln X) = cos x. Therefore the primitive function of cosXx with respect to X we
X

know to be sin X. This is written:

J'cos Xdx =sin x

The symbols _[ f (x)dx denotes the integral of f(x) with respect to the variable x, the expression

f (x) to be integrated is called the integrand and the differential dxis usefully there to assist in the

evaluation of certain integrals.

Constant of integration

So i(x2) =2X & I2xdx= x?
dx

Also i(x2 +3)=2x & J2xdx: x> +3
dx

And i(x2 -10) =2x & J2xdx: x> —10
dx
As we see in the above examples, any constant term in the original expression becomes zero in the
derivative and all trace of it is lost.
The symbol I is an integral sign,
Cis the constant of integration,
f(x) is the integrand.

Note that if F(x) is an integral of f(x) with respect to x, then F(x) + c is also such an integral, where c is any

constant, since the derivative of any constant is zero.
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Properties of integrals

A. The derivative of the indefinite integral

’ad; B'f(x)dx} = f(x)

B. Factor out constant function from integral sign

j,z[f (x) pix = zj f (x)dx = AF(x) +C
C. The indefinite integral of the algebraic sum of two functions
j[f (x) + g(x) ix = j f (x)dx +jg(x)dx

Example

J'[eX +7}jx:jexdx+j7dx:eX +C, +7X+C, = +7X+C

Immediate primitive

n+1

+c { provided n=-1 }

01. _[x”dx _ X
n+1

02. J‘ldx: Inx+c
X
1

03. j—dx: Inx+c
X

04. J'exdx =e*+cC

ekX
05. jekxdx = T+C

X

06. jaxdx = +c

Ina

07. J'sin Xdx=—-cosx+c
08. jcos xdx=sin x+c¢

09. J'sec2 xdx = tan x + ¢

1
10. _[Z—dx =arctan x+¢

X +1
1 1 |x—a
11..[ 5 de:—ln—+c
X —a 2 |X+a
1 a+ X
12. dx =In——|+¢
J.az—xz a—x

dx =arcsin x+c¢

13. |

1-x?
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14, J'\/idx arcsm(xj +c

) Techniques of integration

A. Integration by parts

We often need to integrate a product where either function is not the derivative of the other. For

example, in the case of:

J.x2 In xdx Inx is not the derivative of x%, the same x? is not the derivative of Inx. In such situation

we have to find some other method of dealing with the integral. Let us establish the rule for such
cases.
If uand v are functions of X, then we know that

d dv  du
— () =u—+v—
dx dx  dx

By integrating both sides we get
uv = Ju ﬂdx + jvd—udx , and final we get
dx dx

_[udv = uv—_[vdu

. 1
For the example _[xz In xdx mentioned above, we have u=Inx, du = =dx and dv = x%dx
X

1 . . . . . .
so that v= 3 x®we omit the integration constant here because we are in the middle of evaluating

the integral. The integration constant will come out eventually).

x° 1x° X3 1
jx In xdx= —Inx——jx —dx= —Inx——jx dx——ln X—=—+C=—|Ix-=|+cC
3 3 3 33 3 3
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Example2

fx Arctanxdx

Let u = Arctanx and dv = xdx
d
: -andv= fx dx = %xz

X

Then du = 5

The integral becomes

1 1 Xdx
fx Arctanxdx = —x* Arctanx — = =
2 2)1+x°

x’dx 2 = dx
———;:gdxzfdx—f - =x — Arctanx
1+x* 142 1+x2

1 1 1 .
Therefore, fx Arctanxdx = 7}(" Arctanxdx — X+ 7Arctanx +C

:%(x2+ 1)Arctanx—%x+ 9

Notes
In order to be able to integrate by parts we have to be aware of the following priority order:
a) Inverse trigonometric functions (arcsin x,arccos x,arctan x,arccotanx,...)
b) Logarithmic function [In(ux), log(ux),...]
c) Polynomial function (P(x))
d) Exponential function (€

e) Trigonometric function [cos(ux), sin(ux), tan(ux), cotan(ux),...]

Remembering the priority order will save a lot of false starts.

Solved examples

‘1. Calculate

: . o % Unadx - X

(a) j‘—l xe “ dx (b) flxlmdx (c) {e sin3xdx

(d) fx Arctanxdx (e) fArcsim‘d X (f) f Arccosxdx
xd xd: e



Solution

-

L. (a) Letu=xanddv=e *™dx

Then du = dx and v = f e **dx = % e

The integral becomes;

f(—)l xe **dx = [_21 X e 2"]‘31 e % fol e *dx

(b) f?xz Inxdx
Let u =Inxand dv = x2dx

Then du = dx and v = fxzdx — lx"’
x 3

The integral becomes:

f? x= lnoedc = [% )élnlei' = % :: xij
o [% x°Inx — %xc’]? — %Inz — %

(c) fez"sinSX dx
Let u =sin 3x and dv = e*dx

Then du = 3cos3xdxand v= fezdx = %ez"



The integral becomes;
J'ezsin3xdx =sesin3x -5 f3e cos3xdx

= %e”sm3x . j'e cos3xdx

Calculating fez‘cos3xdx:

Let u = cos3x and dv = e*dx

Then du = -3sin3xdxand v= fez‘dx = %el‘

The original integral becomes;
S 1 1 Fir
[e-‘sm3xdx-ie cos3 —5[5e cos3x+5fe sm3xdx:|

) 3 . sy :
= %ehsm?)x = B e™cos3x — %] e”sin3xdx, which is equivalent to:

f e”*sin3xdx + % f e”*sin3xdx
= Leagin3x — 3 e¥cos3x;
2 - ?
? fe sin3xdx = L e (sin3x —% cos3x)
Therefore, fe sin3xdx = ﬁ e™(sin3x — % cos3x) + C

(d) fx Arctanxdx
Let u = Arctanx and dv =xdx

Then du= -gandv fxdx:—

1+
The integral becomes
2dx
fx Arctanxdx = —xz Arctanx — = lr
xdx
f =X+l 1 fdx —:x Arctanx
1+ 138

Therefore, fx Arctanxdx :% ? Arctanxdx -%x + %Arctanx +C

= ) ot 8 | Arctanx-ixﬁ-C
2 2




(e) fArcsinxdx
Let u = Arcsinxand dv=dx

A : o ; xdx
Then du = and v=x; fArcsmxdx = xArcsinx - L{W

= Arcsinx +¥1 -2+ ¢

(f) fArccosv.d\ = (Arccosx)l— &FFOS:dx

J1-x
Ar d
lf O — _(Arccosx)’;

Arccosxdx 1 g

————— ==(Arccosx)*+c
e J(Arccosy)

Exercises
1. Evaluate:

(a) ﬁ:ﬂ e*cos2xdx (b) ﬁl In(1 - x)dx

2. Calculate:

(a) }’xcoszxdx (b) }’%
3.  Ewaluate:

@ [ (b)  [Xedx
4.  Evaluate:

(@) [(x+1)?e5dx (b)  [re¥dx

B. Integration by partial fractions

Suppose we have 4d
x> —3x+2

Clearly this is not one of our standard types and in such case, we first of all express the algebraic
fraction in terms of its partial fractions i.e. a number of simpler algebraic fractions which we shall
most likely be able to integrate separately without difficulty.

Xx+1 . 3 2
————— can, in fact, be expressed as -
X°—3X+2 X—2 x-1




.[ 3x 4+ 2 _[—dX —dX 3|n(X 2) 2In(x—1)+c

The rules of partial fractions
The rules of partial fractions are as follows:
i.  The numerator of the given function must be of lower degree than that of the denominator. If
it is not, then first of all divide out by long division
ii.  Factorize the denominator into its prime factors. This is important, since the factors obtained

determine the shape of the partial fractions.

iii.  Alinear factor (ax+b) gives a partial fraction of the form

ax+b
. 2 . . . B
iv.  Factors (ax + b) give partial fractions + 5
ax+b  (ax+b)
v.  Factors (ax +b)"give partial fractions
A N B N C N K N L
ax+b (ax+b)’ (ax+b)’® (ax+b)"™  (ax+b)"
. . 2 . . . Ax+ B
vi. A quadratic factor (ax +bx+c) gives a partial fraction ————
ax” +bx+c

Now for some examples

Examplel

,[ X+1

x* —3x+2
x+1 x+1 A N B
x2-3x+2 (x-1)x-2) x-1 x-2
Multiplying both sides by the denominator we get
x+1=A(x—2)+B(x-1)

Let’s (X —1) =0i.e substute x=1

2=A(-)+B0) = A=-2

Let’s (X —-2= O) i.e substute x=2

3=A0)+B(1)=>B=3

x+1 x+1 -2 N 3
x2-3x+2 (x-1)x-2) x-1 x-2
X+1 3
j — = dx= j —dx =3In(Xx—2)—2In(x—1) + ¢ (Do not forget
—3x+2 X — 2 X —

the constant of integration!)
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B)

Example2

2

To determine jmdx
X+1)(x -

X  __A . B __C
(x+D)(x-1D)> x+1 x-1 (x=-1?

Clear the denominators: x> = A(x—1)* + B(x +1)(x =1) + C(x +1)

Put X=1 we get C=1/2
Put X=-1 we get A=1/4
When the substutition has come to an end, we can find the remaining constants (in this case, just
by equating coefficients. Choose the highest power involved, i.e X? in this example:
X?| 1=A+B=B=1-A
B=3/4

2

1

(x-1)°

1
-1

1
X+1

X J—
(x+1)(x-1)?

1 3 1
4 4 2

2
J‘X—zdx=ljidx+Ej‘idx+lj(x—l)’2dx
(x+1)(x-1) 479 x+1 479 x-1 2

jx—zdx—ln(x+l)+ In(x —1) — L .
(x+1)(x-1)* 4 2(x-1)
Example3
Find I—Z

(x—=2)(x* +1)

In this example, we have a quadratic factor which will not factorize any further

X2 A Bx+C

(X—Z)(X2+1)_x—2+ 1 A(x* +1)+ (x—2)(Bx+C) = X

Put(x—-2)=0ie. x=2

5A+0=4= A=g
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Equate coefficients:
[X*| A+B=1=B=1-A,B=1/5
[CT] A-2C=0= cC=A/2,C=2/5

X, 2
X’ _41 55
(x=2)(x*+1) 5x-2 x*+1
4 1 1 x 2 1
= = += +=
5x-2 5x*+1 5x*+1

2

j)(—zdx=ﬂln(x—2)+iln(x2 +1)+Etan‘1(x)+c
(x—=2)(x° +1) 5 10 5

Solved examples

Evaluate the following integrals:
e ®) [
O fmas O @
Solutions



(a)

x+3 x+3 A

B A(x+3)+B(x+1) |

Hrdred - (xrlced)  x+1

x+3=A(x+2)+B(x+1)
ifx=-1then A=2;

Ifx=-2thenB=-1;

x+3 2 1
Y+3x+2  x+1 =x+2

(x+3)dx _Zfi j- dx

m- x+1 Jx+2
=21n|x+ 1|-1nbn+2|+C

(x+1)*
x+2

+C

=1n|

(b) x+9 x+9 A

x+2

B

= — +
-2x+1  (x+1) x-1 (x-1)*

(b) x+9 x+9 A

B

= = +
-2x+1 (x+1) x-1 (x-1)

= A(x-1)+B

¥ -2x+1
x+9=A(x-1)+B
Ifx=1,thenB=10
x+9=A(x-1)+10;
A(x-1)=x-1;A=1

x+9 1 10

©-2x+1  x-1 +(x-l)z

©+3x+2

!



9
fx i‘;:+l -[x 1 (x l)2
:ln|x—l|-xl_ol+
(C) x = X

¥-6+5 (2+5)(x+1)

_Ax+B Cx+D
T ¥+5 X+1

_ (Ax+B) (& +1)+(Cx+D)(x*+3)
- -6+ 5

x=(Ax+B)(x*+1) + (Cx+D)(x*+5)
x=(A+C)x*+(B+D)x*+ (A +5C)x+ (B +5D)

B+D=0

. B=0
A+5C=1 C:%
B+5D=0 D=0

b x +l i
Y-62+5 4(:’+5> 4(x1+l)

f e xdx 3 [
X*+68+5 &) 2+5 TF) £+1

='%ln(x2+5)+%ln (x*+1)+C

1 *+1
-§ln(x1+5)+c
( ) 1 A+ Bx+C Dx+E
x(x2+1)2 x+1 (xz+l)2

AR +1)*(Bx+c)x+ () +1) +(Dx+ E)x
x(x*+1)?

1=A(X*+1)+(Bx+C)x(x*+1) + (Dx+E)x

Ifx=0then A=1
1=(x+1)*+(Bx+C)x(x*+1) +(Dx+E)x



x(Bx+C)(x*+1) +x(Dx+E) = x*(x*+2);
(Bx+C)(2+1)+ (Dx+E) = =x(x*+2)
Bx*+Cx*+(B+D)x+(C+E)=-x-2x

[(B=-1 rA=1
lCc=0 | B=-1
\ =
B+D=-2 ﬁc:n
| C+E=0 D=-1
oo
1 1 x 1

(2+1)} x 2+1 (@+17

dx dx xdx dx
ey il o e B e

— 1 2 1
=In |;\: | —i]n[:x +1) +m+c.
Exercises
Find the antiderivative (integral) for the following:
dx dx (4x— 2)dx
e [(x—4}3 2. L&—?mz 3. r-2©-2x
*dx (42 + 6)dx
g (x-1)* >- ©-3x

C. Integration by change of variables (substitution)

Formula

[ floC0lodx = [ f(u)du Where u=g(x)

Strategy: The idea is to make the integral easier to compute by doing a change of variables.

1. Start by guessing what the appropriate change of variable u = g(x) should be. Usually you

choose u to be the function that is \inside" the function.

2. Differentiate both sides of u = g(x) to conclude du = g’(x)dx.

3. Rewrite the integral by replacing all instances of x with the new variable and compute the integral.

4. If you computed the indefinite integral, then make sure to write your final answer back in terms

of the original variables.
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Examplel

Find _[tan xdx

Solution

Step1l: we use the change of variable U = C0s X

d_u = —Sin X = du = —sin xdx
dx

Step2: we can evaluate the integral under this change of variable

smx du
jtanxdx j dx=—]—=—Ihu+c=-In(cos x)+c
COS X u

More examples

Calculate:
e*dx /2 sin6xdx
(a) f & +3 (b) f 1 + cos’3x
1 3
b —d “dx
(b) f sin—dx (c) fo S
Solution

(a) fe +3
Let e*+ 3 =t. Then e*dx =dt

The integral becomes f% =In | t | +c

e'dx
Therefore, o In |e*+3 | +cC
(b) Lett=1 + cos’3x.

Then dt = —3sin 6xdx ; sin6 xdx = ‘%dt

X t
0 [ 2
1

The integral becomes ~— el T 3 [n |t| =

3)yt ln2

3

In2

| -

J 2 1
Therefore, f ;/ Ambder,

1 + cos™3x




1dx

2
x-

1
(c) Lett=—,thendt="
The integral becomes fL sinde == fsindt =cost+¢
Xl X

= o X 1
Therefore, f-; sdex =Ccos_—+¢

(d) Lett=2, then dt=2xdx;xdx= 3 dt

X t
0| 0
1 1

The integral becomes %ﬁe‘dt = % [e‘][l} = %[e -1).

Exercises
Calculate:
dx
1. [smx In(cosx)dx 2. fm,
Inxds xdx
N . ¢+ =

LO 1.2 - Calculate definite integrals
e Definition
An integral with limits is called a definite integral.
With a definite integral, the constant of integration may be omitted, not because it is not there but
because it occurs in both brackets and disappears in subsequent working.
So, to evaluate a definite integral:
a) Integrate the function (omitting the constant of integration) and enclose within square
brackets with the limits at the right-hand end
b) Substitute the upper limit
c) Substitute the lower limit

d) Subtract the second result from the first result.



Formula
[ydx=[F(x)] =F(b)-F(a)

Properties of definite integrals

Let fand g be continuous functions on I = [a,b].
The following properties hold:

1. [b f(x)dx=0

2 f " f(x)dx = f(x)dx

3. b (F+g) @dx=| " fx)dx + [ b g(x)dx
4. | " kf(x)dx =k [ " f(x)dx;

5. " fx)dx= [ © f(x)dx + ( " f(x)dx

e Methods of integration

A. Integration of definite integrals by change of variable

Examplel

de by change of variables

Evaluate >
1+cos” x

Oy | N

Solution

u=1+cos® x = du = —2sin xcos xdx
sin 2xdx = —du

_1?2023’2( - j‘Td“ ——nu+c=[-I(1+cos? W =[-I(1+0)]-[-In(1+1]=In 2

Oy |y

B. Integration of definite integrals by decomposition
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Example
j-x3 —2x* —4x—4

> dx
> XTH+X=2

3_ 2_ _
X fx 4x 4:(x—3)+i-
X°+X—-2 X+2

3 3 2 . 3
J-x gx 4x 4dx=f[(x—3)+ 4 3 }dx
2 X°+X—=2 > X+2 x-1

2 3
={X7—3x+4ln(x+2)—3In(x—1)} =B—9+4|n 5-3In 2}—[2—6+4|n 4-3In1]=-1.687
2

C. Integration of definite integrals by parts

2
Evaluate J'xexdx = xe* —J'exdx =xe*—e"+¢c
1

_zfxexdx —lerx-nf =e?—0=¢
1

Exercises

Evaluate:

(a) ﬂ) (x*-2x+3)dx (b) ﬁ) (4x + l)%dx
© (: t(t+ 1)2dt (d) f: (20+1) (3-0)do

© [*G@+od © (¢’ —u’)du
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LO 1.3 — Apply definite integrals

e Calculation of area

The area under a curve between two points can be found by doing a definite integral between the two
points. To find the area under the curve y = f(x) between x = a and x = b, integrate y = f(x) between the
limits of a and b. Areas under the x-axis will come out negative and areas above the x-axis will be positive.
Consider the function y = f(x) which is continuous, on interval [a, b].

The area of the region enclosed between the curve y = f(x), x-axis (y=0) and the vertical lines x=a, x=b is

given by :

b
Area = _[ ydx if y>0 between a and b
a

b
Area = —I ydx if y<O between a and b
a

Examplel

Find the area of the region enclosed between curve y = x* + 3x?, the x-axis and the line x =0and x =2

Solution

X |—oo -3 0 +00
2x+3) [ - - 0 + 0 + +

Betweenx=0andx=2,y>0

The area is fg (x* +3x%)dx = [%4 - X{E =(4+8)-0=12

Area between two curves

Suppose that the area to be evaluated is between the curves y, = f(x)and y, = g(X) and the lines x=a
b

andx=b, f(x) <g(x), a<x<Db thentheareais A= I[g(x)— f(x)}:lx
a

Example

Sketch the parabola y = x*and the line y = x on the same figure and calculate the area of the region

enclosed between them.
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Solution

b dhaaiz e _
YA \ /Y =X
/ o Ix
Finding the points of intersection:

y=x
e

= % = x2:
Y=X=X";

x(1-x)=0;x=0o0rx=1

Area = j-; (x —x*)dx = [%Xz — %X{L:l) = % square units

e Calculation of volume

Consider the function y = f(x) which is continuous, positive and strictly increasing over interval [a,b].
The region which is bounded by the curve y= f(x), the x-axis and the ordinates x=a and x=b is

revolved about the x-axis to form a solid of revolution.

/7=f)

X

Finally, the volume of the solid of revolution about the x-axis calculated from x = a to



b
x=bis givenby V = Iﬂyzdx where y=f(x)
a

in the same way, the volume generated by rotating the region between curve x = g(y), the y-axis and the

horizontal lines, y=c, y=d about y-axis is

b
V = J-ﬂxzdy where x=g(y)

Example

1. Find the volume of the solid generated by rotating about the y-axis the area in
the first quadrant enclosed by y = x* y = 1, y = 4 and the y-axis.

Solution

Volume Ay

y=x
4, 7
V:fln)(“dy L /

e Calculation of the length of curved surface

Let the function given by y = f(x) represent a smooth curve on the interval [a,b]. The

length of f betweenaandbis



Example

3
Find the arc length of the graph of y = % + 2i on the interval [% ,2}.
X

Solution
dy _3x* 1
dx 6 2x2

3Ix* 1
— o (ll‘2 T T x2 )

1
Arc length: S = f_)! J 1 +[_é_ (e — —x!';)]l dx

— f; \/%(xz"'z"'—x‘))dx

1
=f %(x2+%)dx

[l (x" 1 )]2
B s S +
S 1 13 47
Py R S XA, | S £
2( o 2,4)
=
16

Exercises
Questionl

Graph the parabolas y = 4 — x* and y = x* — 2x on the same figure and calculate
the area of the region enclosed between them.

Question2

Calculate the area of the region enclosed between curves y =15 - 2x — 2x* and
y=25-5x-2x*

Question3
The area of the segment cut off by y = 5 from the curve y =x* + 1 is rotated about

y=>3.

Find the volume generated.



Learning Unit 2 — Identify measures of dispersion and interpret bivariate data

LO 2.1 - Identify the measures of dispersion

e Definition

A measure of dispersion is the degrees of spread of observation in data. The
common measures of dispersion are Range, Inter-quartiles range, the Standard

deviation, and the Variance.

e Range

The range is defined as the difference between the largest value in the set of

data and the smallest value in the set of data, XL — XS
Example

What is the range of the following data?
4 81 6 6 2 9 3 6 9

Solution

The largest score (X)) is 9; the smallest score (X,) is 1;
the range is X, — X, =9-1=38

e The standard deviation and the variance

The standard deviation o is a very important and useful measure of spread. It

gives a measure of the deviations of the readings from the mean X . ltis calculated
using all the values in the distribution.

To calculate standard deviation o:
(x =X
(i) For each reading of x calculate X — X , its deviation from the mean
n

(ii) Square this deviation to give (X —Y)z and note that, irrespective of whether

the deviation was positive or negative, this is now positive

(iii) Find 2 (X —Y)Z the sum of all these values,

(iv) Find the average by dividing the sum by n, the number of readings; this
—\2
gives X Mwhich is known as variance
n

(v) Finally, take the positive square root of the variance to obtain the standard

Deviation o
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X=X

Formula for variance o?= 2%

e L. X—X
Formula for standard diviation o = z

Example

n

—\2

n

Two machines A and B are used to pack biscuits. A random sample of ten packe
was taken from each machine and the same mass of each packet was measur
to the nearest gram and noted. Find the standard deviations of the masses
the packets taken in the sample from each machine. Comment on your answi

Machine A (mass in g) 196, 198, 198, 199, 200, 200, 201, 201, 202, 20

Solution

Machine B (mass in g) 192, 194, 195, 198, 200, 201, 203, 204, 206, 20

2000

Machine A: x = 2% = 2900 _ 550, Machine B: X = &% = =5 = 200

n 10 n

Since the mean mass for each machine is 200, x - X = x — 200
To calculate standard deviation, s; put the data in a table:

Machine A
B x — 200 (x — 200)?
196 —4 16
198 —2 4
198 —2 4
199 —1 1
200 (0] 0
200 0 0
201 1 1
201 1 1
202 2 4
205 25
56
s = 2x 2008 _ 56
s ={5.6 =2.37

Machine A:s.d =2.37g



Machine B

X x —200 {(x — 200)?

192 -8 64

194 il 5 36

195 s 25

198 3 4

200 0 0

201 1 1

203 3 9

204 4 16

206 6 36

207 7 49

240

2 Six—200
st =="g5 = 24
s={24-4980¢g
Machine B: s.d =490 g
Machine A has less variation, indicating that it is more reliable than machine B.

Alternative form of the formula for standard deviation

The formula given above is sometimes difficult to use especially when x is not

an integer; so an alternative form is often used. This is derived as follows:

(Ex?—2%X Xx + 2x9)

$?=—Ex—XP= X0 -2X x + X)) =

|
n n

- x
since, — =X

_ 2 X
= XX _Hx +$: 2 -2Xx) + X' = E: - 2X*+ X7

x?
§* = En - X
S = 2;‘2 _Kz
n



e Coefficient of variation

The coefficient of variation (CV) is defined as the ratio of the standard deviation

o to the mean p.

_ O
€=2o

It shows the extent of variability in relation to the mean of the population. The
coefficient of variation should be computed only for data measured on a ratio
scale, as these are the measurements that can only take non-negative values.

The coefficient of variation (C.V) unlike the previous measures we have studied is a
relative measure of dispersion. It is expressed as a percentage rather than in terms
of the unit of the particular data. It is useful when comparing the variable of two
or more batches of data. Those are expressed in different units of measurement.

R — % »x 100 where & is the standard deviation and X is the mean.

For example, given that 8 = 6.26 and X = 20 then CV = % x 100 =31.3%

That is for this sample the relative size of the average spread around the mean
is 31.3%. The C.V is also very useful when comparing two or more sets of data
which are measured in the same units.

Lo 2.2:Describe the measures of bivariate data

e Definition of bivariate data
When two variables are studied simultaneously to see how they are inter-related, the two
sets of data to compare are said to be a "bivariate" or "joint" distribution. The quantities
being studied are called "Variables" thus in a joint distribution or in a bivariate data we

have two variables studied jointly.

Example

A doctor recording the height and the weight of a group of female patients in a hospital.
e Correlation

The word correlation is used in everyday life to denote some form of association. However, in statistical

terms, we use correlation to denote association between two quantitative variables.



e Covariance
In probability theory and statistics, covariance is a measure of the joint variability of two random

variables.

o Positive covariance: Indicates that two variables tend to move in the same direction.
¢ Negative covariance: Reveals that two variables tend to move in inverse directions.

The sign of the covariance therefore shows the tendency in the linear relationship between the variables.

Calculation of covariance

For n pairs of data (x, ), (x,,,), .., (x, ), the covariance is denoted by Cov (x, y) or
5,01 0 is given by

=13 (»-%) (y-7).

The formula for covariance is simply an extension of the formula for variance, where

:%Z (x-% ) (x-%)

S
xy

S
xx

Final formula Sxy = %Z(X—)_(Xx—)_()

An alternative form of the formula for covariance can be

1 —
S, = ( =) xy)—xy.
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Example

For the following data

X

9

12 |S |6

14 |3 |6 |12 |14

Y

10

1318 |10 |13

17 1S |8 |16 |16

Calculate the covariance of the distribution.

Solution

1 _
sy= (3 L)) -%y

The means are x =

9+12+5+6+9+14+3+6+12+14=9

10
—  10+13+8+10+13+17+5+8+16+16
andy = 0 =11.6.
x y xy
10 90
12 13 156
S 8 40
9 10 60
14 17 238
3 5 15
12 16 192
14 16 224
2x=90 Yy=116 Yxy=1180
e %zx y =116 %Exy
_ % "= 118
=9
=9

The covariance is Sy = (% Txy) - xy=118-(9) (11.6) =13.6.

=9



e Coefficient of correlation

The linear correlation coefficient, r, is the numerical value which indicates the degree
of scatter.

For the bivariate data.

x' x2 ase xn

yl y?. s yn

If s? # 0 and s} # O, then the linear correlation coefficient is given by

r= {x{, ,wheresxy=(%2xy)— Xy;s? =(%sz)— X2 and 8} = (%Zyz)— y2,

Sxv
SxSy

Finally, r =

Example

For a sample of 100 paired items, the following data are known:
Yx =36, Xy =25; Yxy=21; x> = 1012.96; and Yy* = 3366.25.
Calculate the correlation coefficient between x and y:

Solution
= 1 36
02— = P — WO:036
y=13xy=5-02s
1
zy:(; X xy) — %y

= 25 ~(0.36) (0.25)

0.21 —0.09 =0.12
st =(+ Xa%) —¥2=10.1296 - 0.1296 = 10

s =10
1 3
5 =(52y)-7
66.2
062 _(0.25)°

=3.6625 - 0.0625 = 3.6

s — V3-6 A
b4
0.12 0.12

The correlation coefficientis 0 = —= = e H g

sxsy 10 \/3.6= 6




LO 2.3 — Determine the regression line

e Scatter diagram

A bivariate raw data is made of ordered pairs of values of the variables, recorded as they occurred.

A‘.'l xl xs wem A‘.'u

yoo|\no |2 e |

If the variables are plotted in the Cartesian plane, the result is a "scatter diagram".

A scatter diagram can be as shown below:

y

s

Example

For the data below

Maths(x) [9 |12 |5 (6 |9 [14(3 |6 |12 |14
Physics (y) [10 |13 |8 [10|13|17 |5 |8 |16 |16

‘a) Find the mean marks in:
i) Mathematics ii) Physics
b) Draw the scatter diagram for the bivariate distribution and plot (¥ , ¥ ):

Solution

a) f:lzxz 9+12+5+6+9:;4+3+6+12+l4 -9

1 10+13+8+10+13+17+5+8+16+16
2= 10

=

n
=11.6

The mean mark in mathematics is 9 and the mean mark in Physcis is 11.6.




b) Plotting the points (9, 10); (12, 13); (5, 8); (6, 10); (9, 13): (14, 17); (3, 5); (6, 8);
(12, 16); (14, 16) and (9, 11.6) we have.

e
t———— - .- — %
15 +
1
ey |
. i
T i
L N S 4 |
: P !
e P !
o b :
P P i
P oo !
5 V————-- - 1 i i i
P b :
1 1 1 1 1
P b :
P P |
P P :
P P !
P P |
Lt i i i x
5 L 15

e Regression lines

The scatter diagram for any real set of bivariate data does not have points lying exactly
on a straight line.

If there is a linear correlation between the two variables x and y then it is possible to find
the best straight lines that can be fitted to the points. There are two such lines.

—The regression line of y on x

—The regression line of xon y

e Calculation and plotting of regression lines

A. Calculation of the coefficient of regression line of y on x

The equation of the regression line of y on x is

y-y=a(x-x)

> bx-xly-v)

2
Sx

Where a = is the coefficient of regression line.
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B. Calculation of the regression line y on x
The equation of the regression line y on x is given by
Y-Y = a(X —Y) Where,
s

w o=_ 1 - _ 1
S Yxandy = — Ly.

Examplel

For the following data

x 0 1 2 3 4
¥y 2 3 5 4 6
Determine the equation of the regression line of y on x:
Solution
s 1
o T— = Sx—2

=2

w_ 18 _
z- 5 =0.9.

| The equation of the regression line of y on x is
y-4=09(x-2).
Thatisy=0.9x+2.2.

J

C. Calculation of the coefficient of regression line of x on'y

The equation of regression line x on y is given by:

(x =X)=clv -Y)

Sy . - .
Where ¢ = —*% is the coefficient of the regression line x ony
Y

B =yt

n

Ty



Example 2

For a given set of data ¥x =21, ¥y = 33, ¥a? =91, ¥y* = 205, Xxy = 128, n = 6.

Find the equation of the regression line of x on y:

Solution
F=_Ja-35
y=—3y=55

5

s,,=(%2xy)-¥37
=2.08

$=(3 -7
=39

The equationx - X =c(y-¥)

2.08
391

thatis x = 0.53y + 0.58.

=S — (y-5.5), thatis

SOLVED EXERCISE ON SCATTER DIAGRAM AND REGRESSION LINE

Table 10.3 "Data on Age and Value of Used Automobiles of a Specific Make
and Model" shows the age in years and the retail value in thousands of

dollars of a random sample of ten automobiles of the same make and model.

a. Construct the scatter diagram.

b. Compute the linear correlation coefficient r. Interpret its value in the
context of the problem.

c. Compute the least squares regression line. Plot it on the scatter diagram.

d. Interpret the meaning of the slope of the least squares regression line in
the context of the problem.

e. Suppose a four-year-old automobile of this make and model is selected
at random. Use the regression equation to predict its retail value.



TABLE 10.3 DATA ON AGE AND VALUE OF USED

AUTOMOBILES OF A SPECIFIC MAKE AND MODEL

¥ |28.7 | 248 | 26.0 | 30.5 | 23.8 | 24.6 | 23.8 | 20.4 | 21.6 | 22.1

solution:

a. The scatter diagram is shown in Figure 10.7 "Scatter Diagram for Age
and Value of Used Automobiles".

Figure 10.7
35' ‘ l:r — . .l - l ‘ ¥ T T
301 e 1
@
251 ® &
@ o
® @
20+ o -
15 ' Il '} ! '
0 1 2 3 4 5 6 7 8

a. We must first compute S8y , SSA-_Y ) yy » which means

2 2
computing XX, 2y, 2x -, Xy~ and ZX_V. Using a computing
device we obtain

Tx=40 Xy=2463 Ix’ =174 Zy> =6154.15 Zxy= 956.9|




I 1

SS.. =3x2— = (Cx) = 174 — — (40)* = 14
n 10
I 1

SSyy = Txy— — ENEy) = 9565 — == (40)(246.3) = ~28.7
1 i

SSyy =Ty’ -~ Ey). = 6154.15 — = (2463)? = 87781

so that

SS _28.
> xy - 251 = —0.819

3. 55, V(14)(87.781)

The age and value of this make and model automobile are

moderately strongly negatively correlated. As the age increases,
the value of the automobile tends to decrease.

b. Usingthe values of Xx and 2V computed in part (b),

_ Zx 40 _ Xy 246.3
X—T—ﬁ—4 and y = — = 10 = 24.63
Thus using the values of S§,, and S8 xy from part (b),
~ SSxy B —28.7 205 d 5a =V — 5% — 24.63
'B'_SS,“ — T - ang gg =Yy — pf1x = -

The equation ¥ = B X + 30 of the least squares regression
line for these sample data is

F = —2.05x + 32.83

Figure 10.8 "Scatter Diagram and Regression Line for Age and

Value of Used Automobiles" shows the scatter diagram with the
graph of the least squares regression line superimposed.



Figure 10.8

Scatter Dingram and Regression Line for Age and Vaiue of Used Auromobiles

35 L T T L] T L L]
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25+
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a. The slope -2.05 means that for each unit increase in x (additional year of
age) the average value of this make and model vehicle decreases by
about 2.05 units (about $2,050).

b. Since we know nothing about the automobile other than its age,
we assume that it is of about average value and use the average
value of all four-year-old vehicles of this make and model as our
estimate. The average value is simply the value of 37 obtained
when the number 4 is inserted for x in the least squares
regression equation:

y =—2.05(4) + 32.83 = 24.63

which corresponds to $24,630.



The linear regression line of y on x and the linear regression line of x on y can be obtained using the

equations known as normal equations.

Here are the normal equations y on x

Here are the normal equations x on y

(% y)c+nd= % x,

i=1 i=:1

(3 )e+(z )=y =,
i=1 i=1 =1

. l),{Q',y)c+nd:2x
P 1)+ (Bp)d=1ny”



Finding the regression line using normal equations

Worked example

Problem 1. In an experiment to determine the
relationship between frequency and the induc-
tive reactance of an electrical circuit, the fol-
lowing results were obtained:

Frequency Inductive reactance

(Hz) (ohms)
50 30
100 65
150 90
200 130
250 150
300 190
350 200

Determine the equation of the regression line
of inductive reactance on frequency. assuming a
linear relationship.

Since the regression line of inductive reactance on
frequency is required, the frequency is the indepen-
dent variable, X, and the inductive reactance is the
dependent variable, Y. The equation of the regression
line of Y on X is:

Y =a0+a1X

and the regression coefficients ag and a; are obtained
by using the normal equations



Y =aN+a1)_ X

and Y XY=ap> X+a1) X?
(from equations (1) and (2))

A tabular approach is used to determine the summed
quantities.

Frequency, X | Inductive X2
reactance, Y
50 30 2500
100 65 10000
150 90 22500
200 130 40000
250 150 62500
300 190 90000
350 200 122500
Y X=1400 | Y Y=855 | Y X%=350000




XY ¥

1500 900

6500 4225
13500 8100
26000 16900
37500 22500
57000 36100
70000 40000

Y XY =212000 Y ¥2=128725

The number of co-ordinate values given, N is 7.

Substituting in the normal equations gives:

855 = Tag + 1400a,
212000 = 1400a¢ + 3500004

1400 x (1) gives:

1197000 = 9800ap + 1960000a;

7 x (2) gives:

1484000 = 9800ag + 2450000a
(4) — (3) gives:

287000 = 0 + 490000a;

287000
490000

from which, a; = 0.586

(1)
(2)

(3)

(4)



Substituting a; = 0.586 in equation (1) gives:

855 =Tag + 1400(0.586)

ie. ap = 7' =494

Thus the equation of the regression line of inductive
reactance on frequency is:

Y =4.9440.586 X

Exercises

Questionl

Find the equations of the regression lines of x on y, and y on x for the bivariate
data in the table below:

2 3 4 S 6
S 2 S 3 1

Question2

Use normal equation to find the the equation of the regression line of y on x for
the data in the table below.

1 2 4 6 7 8 10
10 |14 |12 13 |15 (12 |13

Question3

For a given set of data, the regression line of y on x is y = 0.4 + 1.3x and the
regression line of x on y is x = -0.1 + 0.7y. Find:

a) The linear correlation coefficient.

b)  Themeansx and 7.
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