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Introduction

This general module describes the knowledge, skills and attitude required to apply basic
mathematical analysis. The ability to do basic mathematical analysis is absolutely vital to
successfully passing any field. At the end of this module, the trainee of Level Four will be able
to solve algebraically and graphically linear or quadratic equations and inequalities. He/she
will also be able to determine analyse algebraic functions, and to apply fundamentals of

differentiation. As Algebra and fundamentals of differentiation are tools of different field.



Therefore, this module will be useful to trainees as a means of analysis and improving their
understanding of Mathematics and he/she will be prepared to perform well in any fields that
require some knowledge of mathematics especially algebra and fundamentals of differentiation
as well as working in daily mathematical logic and problem solving, financial and economics

in hospitality sector for an effective performance in critical thinking, and so on.



Module Code and Title:

GENAMA401: FUNDAMENTAL MATHEMATICAL ANALYSIS

Learning Units:

Determine and analyses numerical function
Apply fundamentals of differentiation
Apply exponential functions

Apply natural logarithmic functions

PR




Learning Unit 1: Determine and analyze numerical functions
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STRUCTURE OF LEARNING UNIT

Learning outcomes:

1.1. Determine the domain and range of algebraic function.

1.2. Identify the symmetry of algebraic function.

1.3. Determine limits of a function.

1.4. Determine the asymptotes to the rational and polynomial functions.




Learning outcome 1.1. Determine the domain and range of algebraic function.

Duration: 5 hrs

N
@Learning outcome 1.1 Objectives:
By the end of the learning outcome, the trainees will be able to:

1. Define correctly the terms: “Domain and Range” of a function as applied in basic mathematical
analysis.

2. Describe clearly how to determine the domain of a function as applied in basic mathematical
analysis.

3. Describe clearly how to determine the range of a function as applied in basic mathematical

analysis.
7' -
“Resources
Equipment Tools Materials

Reference books Didactic materials such | Geometric instruments (Ruler, T-

as manila paper square
Internet Pap 9 )

Handouts on worked examples

Advance preparation:

. Refer to manual discussing on algebraic function

CONTENT

— e — — — — — — — —— ~—— —

1.1.1 : Definitions of terminologies

e Definitions:

¥’ Existence condition

v Domain of definition of a function

v’ Range of a function
numerical function: For any two subsets A and B of the real line, numerical function is a rule that
assigns exactly one element y in set B to each element x in set A.



x is the independent variable, f(x) is the image of x under function f, y = f(x) is the
dependent variable.
We write f: A—> B: x—> f(x)

Examples of numerical functions include:

f: IN— .Z: x —y=2x-1; h: R=>R:x —y=+/x
P - T R L o ) e i ol
g: R— R R S R R:x —y =

The domain of a numerical function f

Is the largest set of real numbers for which the function is defined? We write Df

Thus D, = {xeR; f(x)ER }.

The set of all values f( x) is called the range of the numerical function f; it is denoted by Imf.

Range of a function

We have already discussed the domain of a function f(z) i.e. the values of
x for which f(z) is defined. Next we consider the values f(x) we get as z
varies over the domain. This is, not surprisingly, called the range of f(x).

Thus Imf = {f(x); x€ D }.

The graph consists of all points (x, y), where x is in the domain of fand where y = f(x).

ol=E
ﬁr@Theoretical learning Activity

v" Discuss on how to find the domain and range of algebraic function?

N
Practical learning Activity

v By using symbols, describe how to apply the domain and range of algebraic

function?

Points to Remember (Take home message)

1. The rational and irrational numbers together make up the set of real numbers denoted by

R. The sets N, Z and Q are all subsets of .
2. A rational number is one which can be expressed in the form % where p and g are integers

and q # 0.
3. If aand b are any two real numbers, then eithera<borb<aora=h.
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1.1.2. Determination of Range and Domain of functions
e Calculations

v' Domain of definition of a function
v’ Range of a function

1. A polynomial
A polynomial function is any function that can be written in the form.

f(x) =ax"+a  x"'+..+ax+a,wherea,a,a,..,a ,a_ arereal numbers (the
coefficients of the polynomial) with a_# 0 and n is a positive integer (the degree of the
polynomial).

Note that the domain of every polynomial function is the entire real line.

Further, recognise that the graph of f(x) = ax + b is a straight line, and the graph of
f(x) = ax> + bx + ¢,a # 0, is a parabola.

The following are examples of polynomials:
f:na—>n2:x.—>y=zxs+%x+3; D,=R,
g:R—->R:x—>y=5x"-3x+x-5; D,=R.

2. A rational function
Any function that can be written in the form f(x) = % , where P(x) and Q(x) are

polynomials with no common factors other than 1, is called a rational function.

Notice that since P(x) and Q(x) are polynomials, they are both defined for all x, and so,
P(x)

the rational function y = Gy is defined for all x, for which Q(x) =0.

Thus, D, = {x€R; Q(x) # 0} or D.=R - {xeR; Q(x) = 0}.

Examples:

Determine the domain of each of the following numerical functions:

x+1
2x —4

a) f(x) =

o I 2x+3
b) f(x) = X+ -x-2




Solutions
a) D,=R-{xeR;2x-4=0}
=R - {2}

=] —o0,2[u] 2, + oo

b) Df = R—{xdR;x*+2x>—x—-2=0}
=R — {a€R; x?(x+ 2) — (x+2) =0}
=R — {aeR; (x2—1)(x+ 2) =0}
=R — {xeR; (x — 1) (x+ 1)(x+2) =0}
—R—{1,—1:-2}
=] — oo, 2[u] —2,-1[u]-1, 1[u]l, + oo[

c) D=R-{xeR;x*>+1=0}
=R-D:x?2+1=0forallxelR
=R

=] — o0, + o[

3. Anirrational function

Any function that can be written as f(x) = 13 / P(x) » Wherene N —{0; 1} and P(x) isa

polynomial is called an irrational function.

We have the following:
n:odd n:even
P(x) is a polynomial D,=R D= {xeR; P(x) > 0}
P(x):N(x) sbiere D,={x€R; D(x) =0} Df={xe!R;N(x) > 0}
D(x) D(x)
N(x) and D(x) are polynomials

Examples

Find the domain of each of the following numerical functions:



31’ x4 1
a)  f(x)="Ng3:+3
b) f(x)= 3‘\’ x—-3x+2
<) f(x):-\’x’—_",x—lo
d) f(x) = V.\:’—Zx-f-.'i
e) f(x) =-\’—4x3— 3x -5
) — T - +
B HR=N—res
S MY,
g) fD=N"—%—o—
Solution
a) D;={xeR;x?-3x+2=0} b) D.=R
=R - {1,2}
= ]— o0, 1[u]l, 2[u]2, + oo
c) D= {x€R; x* - 3x -10 = 0}
=J]—eo, 2] u [S, + oo
(from the sign of x* — 3x — 10:
X I — —2 5 “+ oo
a? —3x— 10 | + 0 - 0 4
d) D,={xeR; x2 - 2x+ 3 = 0}
=]=co,+ o (¥*-2x+3 =0forallxe R since A= (-2)*-4(1)(3) <0)
e) D.,={x€R; —4x?+ 3x— 5 = 0}
=J; 4x*+3x—-~S<OforallxelR
£)
= —co  —4 -3 1 +oo
—x?+2x+ 3 — — Qs e
2x + 8 — O + + +
—2—2x+3 T Il -6 %6 =
2x+ 8
D._={x€|R;_xlz—x—2:8+3' >0}
= ]"°°n —4 [U[-3)l]
g)

2 —oco -3 —1 2 3 +oco

—xT+x+2 = = -0 + 0 — —— —

9 _—x* ——0 + + + + 0 —— —

x4+ + = o+ e=|] =+
9 —a?

—xt +x+2
D, :{xeR;v >0}

D, = ]_‘°°t —3[ul[-1, 2]“] 3, +oo[



Examples for finding the range of functions:
(a) f(x) = x. The domain is R i.e. all numbers and the range is also R.

(b) f(x) = x2. The domain is once again R, but the range is all positive numbers as x? > 0 ie.[
0,00] .

(c) g(x) =sin (x). The domainis R, but the range is given by [-1, 1] as -1 < sin (x) < 1.

(d) h(t) =/t . Remember that this is the positive square root. The domain is [0,c0] as is the range.

Exercises

Find the ranges of the following functions:

1. f(x) =3 —2x
2.f(x) =3x%-2
Solutions:

(a) f(x) =3 — 2x. the domain is R.
To find the range, let f be a value in the range then
3-2x=f=
x=(3-1)/2.

This shows than no matter what value f we choose we can find x such that f(x) = f,
hence the range is also R.

(b) f(x) = 3x?> — 2. The domain is once again R, but the range is all f >-2 as given f > -2
thenf=3x>-2=x=,/f +2/3 givesf(x) =f i.e. therangeis[-2, o).

e

@

Theoretical learning Activity

v’ Distinguish range and domain accordingly?

N
Practical learning Activity

v" Determine the domain and range of the given function: y=—+v2x + 3



B . 3
Points to Remember (Take home message)

v' Domain of a function is the set of all real numbers for which the expression of the

function is defined as a real number.

v' Let f: A — B be a function. The range of f, denoted by Im(f) is the image of A under f,
that is, Im (f) = f [A]. The range consists of all possible values the function f can have.

|I®

Learning outcome 1.1: formative assessment

2
X“+x-—2
Determine the domain and range of the given function: y= T x_2

Learning outcome 1.2. Identify the symmetry of algebraic function.

Duration: 5 hrs

&
@Learning outcome 1.2 Objectives:
By the end of the learning outcome, the trainees will be able to:

1. Define correctly the terms: “Even function and Odd function” as applied in basic
mathematical analysis.

2. Describe clearly how to identify a function as Even as applied in basic mathematical

analysis.

3. Describe clearly how to identify a function as Odd as applied in basic mathematical

analysis.
ok
Resources
Equipment Tools Materials
Reference books Didactic materials such | Handouts on worked
Internet as manila paper examples

.
Advance preparation:

. Refer to manual discussing on how to identify symmetry of algebraic function.




CONTENT
F s e ——— —— . —

1.2.1: Definition of terminologies

e Definitions:
v’ Even function
v/ 0dd function

Let f be an algebraic function whose domain is Df.

fis even if and only if:

:(Vxe Df); —x€ D_and f(—x) = f(x);
fis odd if and only if:

:(Vxe D,); —x€ D.and f(—x) = — f(x);

]

RRR Theoretical learning Activity
v

Differentiate the even from odd function?

L
RE

Practical learning Activity

v/ State whether the following function is even or odd: f(x) = x*> -1

Points to Remember (Take home message)

v’ Let f be a function of in we say that f is even if ¥ x € Dom (f), (-x) € Dom(f);
f(=x) = f(x)
v" We say that a function f is odd if ¥x € Dom (f), (-x) €Dom(f); f(—x) = —f(x)

CONTENT
71 R et I I e — N ———

1.2.2: Identification of functions
e Even function
e 0Odd function

Examples

1. Determine whether f is odd or even in each of the following cases:
a) f(x)=2x2+1
b) f(x) = cos x
c) f(x)x3+ 2x

d) f(x)=sinx

10



Solution

a) Df =1R
(VxelR), — xR
and f(—x) =2(—=x)>+ 1
=2x*+ 1
= f(x)
T herefore, fis even.

b) D, =R
(VxelR), — xR
and f{(—x) = cos (—=x)
— cos x
= f(—=x)

Therefore, fis even.

c) Df: R;
(VxeR),—xeR
and f(x) = (—x)? + 2(—x)
——x3—2x
= —(x?+ 2x)
=—f(x)
Therefore, fis odd.
d D,=R
(VxeR),—xeR
and f(—x) =sin (—x)
=—sinx
= f(®)
Therefore, fis odd.

<53
6Efﬁqf:ﬁheoretical learning Activity

v" What do you understand by even and odd functions?
L@
‘! Practical learning Activity
()= XX

State whether the following function is even or odd: J

Points to Remember (Take home message)

> f: R—>R: x — f(x) = x? is an even function because f(-x) = (-x)? = x* = f(X)
> f: R—R: x — f(x) = x3 is odd function because f(—x) = (-x)® = —x3 = —f(x)



=
= @ Learning outcome 1.2: Formative Assessment
Practical assessment

v’ Task to be performed:

State whether the following function is even or odd: X

CONTENT

—— — — —

Learning outcome 1.3. Determine limits of a function.

Duration: 10 hrs

&
@Learning outcome 2.3 Objectives:

By the end of the learning outcome, the trainees will be able to:

1. Describe clearly how to determine the limits of functions as applied in basic
mathematical analysis.

2. Describe correctly how to remove indeterminate cases as applied in basic mathematical

analysis.
“Resources
Equipment Tools Materials
Reference Books Didactic materials such | Hand-out notes
Internet as manila paper

Advance preparation:

. Refer to manual discussing on how to determine the limits of a function.

CONTENT

1.3.1: Determination of function limits
Introduction

2_ 2_
Consider the functions f(x) = H and g(x) = % . Notice that both functions are undefined at x =

2. But the two functions have quite different beahaviours in the vicinity of x = 2.

12
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. xX“—4
From numerical approach, for f(x) = ~—; we have :

1.
X f(x)
1.9 3.9
1.99 3.99
1.999 3.999
1.9999 3.9999
2.
X f(x)
2.1 4.1
2.01 4.01

2.001 4.001
2.0001 | 4.0001

Notice that as you move down the first column of the table, the x — values get closer to 2, but are all
less than 2. We use the notation x - 2 to indicate that x approaches 2 from the left side. f(x) is
getting closer and closer to 4. In view of this, we say that the limit of f(x) as x approaches 2 from the
left is 4, written ,}L‘?- f(x) =4.

The second table suggests that as x gets closer and closer to 2 (with x > 2), f(x) is getting closer and
closer to 4.
In view of this, we say that the limit of f(x) at x approaches 2 from the right is 4, written

i 1) =4

We call lil‘gl f(x) and 1ir£1+f(x) one sided limits of f(x), if they are the same, then we summarize
x—2~ x—

the results by saying that limit of f(x) as x approaches 2 is 4, written lin} f(x) =4.
X—

In general if

m /@)= mf(:\') =7 we conclude that Jym F(x) =1

If

Im () = lim F() we conclude that J3yy F(x) doesn’t exist

voa’ :

Operations on limits

13



(1)
2)
(3)

For any constant ¢ and any real number a, lime =c.

x—a

For any réal number a, limx = a.

X—ra

Suppose that lim (x)and lim g(x) both exist and let ¢ be any constant.

x—a X-a

The following then apply:

lim [c.f(x)] =c. lim f(x);

X —»a X —a

(i) tm [flx)xg(x)] = lim f(x) £ lim g(x),

x—a x—a x—a

@iii) b [(x)g()]=[ lim fELL lim g(x)],

x—a x—a x—a

lim f (x)
R () A,
) )™ T glay ¥l B0
x—a
Observe that by applying part (iii) of rule (3), within g(x) = f(x), we get that,
whenever lim f(x) exists,

x—a
lim [f()]* = lim [f(x)f(x)]
x—a x—a
=[ lim f(x)].[ tim f(x)]
x—a x—a
:[ lim f(X)]l
x—a

Likewise, for any positive integern, lim [f(x)]"=[ lm f(x)]".
x—a x—a

14



(4) For any polynomial P(x), and any real number a, lim P(x)=P(a)
x—a
Proof:

Suppose P(x) is the polynomial of degreen > 0, P(x) =c x"+¢c_ x"™'+... +cx+c,

. - : -1
Then, lim P(x)= lim (cx"+c_x""'+...+cx+c)
x—a x—a

:Cn lim x"+Cn_l lim ™' 4+ ... +Cl lim x+ lim <,
x—a x—a x—a x—>a

=ca®+c a"‘'+...+ca+c
n n-1 1 0
=P(a).

(5) Supposethat lim f(x)=L,and nisany positive integer, n > 2.
X —a

Then, lim +f f(x) = '\/xh:;af (x) = VT, where for n even , we assume that L>0.
x—a

(6) For any real number a, we have:

(i) lim sin x=sina,
x—a

(ii) lim cosx=cosa,
x—a

(iii)  km sin"'x=sin"g, for —l<a<l,

x—a
(ivy  lim cos'x=cos”a,for-1<a<]l,
x—a
(v) lim tan” x=tan"'a,a€R,
x—a
(vi) IfP(x)isapolynomialand Im f(x)=L,then lim f[P(x)] =L.
x—P(a) x—a
® Finite limits
Examples
Find the following limits:
@)  lim (3x*—5x+4) b) ol = —
x—2 x—3 a

© i VB3P 2 (@) tim sin (21

x—2 x—0




Solution
@@  lim (3x*-5x+4) =3(2)*-5(2) + 4
x—32
=
: x—Sx+4 _ 3-5(3)+4
s =33
16
=7
© lim /322 2 =527 2(2)
x—2 -
= ran
(d) lim Siﬂ"l( x;- l) = Sin“-l-
x—0 2
—
=
Exercises
Evaluate:
(6) I +1l (2) lim  (sinx+ cos x)
x—)l \ X x— _ZL
(3) lim  2(sinx-cosx+cos’x) (4) m SoZ=vtng
b bie cos3x+4
o S
2 4
¢ Infinite limits
In general, any limit of the six types
,I_iﬂ,'— f(x) = —oo, tl_ip)_f(x) = 00,
lig ) = —co,  lim f(x) = co,
lim f(x) = —oo, lim f(x) = oo,
Is called an infinite limit.
Examples
Evaluate:
1
@  lm ——
2
x—5 (x B 5)
x+1 x+1
(b) li e and lism —SmeAn
x_‘:_'_z_ (x-3)(x+2) " 75 (3-3)(x+2)
Solution

16



1 1*

(a) lim TR =
x+1 S5y o
; ’ (x=3)(x+2) S a B\ = e
(b) x—‘:z (x—3)(x+2) (2-3)0 po
lim x—+l :1 e
xy2 (x=3)(x+2) 0_ +
li x+1
_';"_2 (x—3)(x + 2) does not exist.
x

e Limits at infinity

In this section we are intended in examining the limiting behaviour of functions as x
increases without bound (written x — + o0) or as x decreases without bound (written

Examplel
Calculate, from numerical approach  Jim L
x— oo
x | 4
1
10 0.1
100 | 0.1
000 | 0.00
A l Conclusion: lmL =
10000 | 0.0001 S
Example2
.2 -5+ 4x -6
Evaluate lim ; :
¥ o’ + 2x

Solution Because the limit of the rational function inside the radical exists and is positive,

we can write

limJZxE’—sz-F-’lx—ﬁ:\/limh3—5x3+4x—6:\/lim_: 1o
o 6x* + 2x = 6 + 2 oo V3 V3




ol

SR Theoretical learning Activity

v Discuss on how to find the limit of a function?

A
Y

Practical learning Activity

lim 2x +1
v' Evaluate the following limits: *—>°

Points to Remember (Take home message)

v 1. A neighbourhood of a real number is any interval that contains a real number a and
some point below and above it.
2. If x is taking values sufficiently close to and greater than a, then we say that x
tends to a from above and the limiting value is then what we call the right-sided limit. It
L limf(x) = lim fe0
IS writtenas = e
3. If x is taking values sufficiently close to and less than a, then we say that x
tends to a from below and the limiting value is then what we call the left-sided limit. It is
lim - :
. e () — i f(x)
written as i
4. If the f(x) tends closer to a value L as x approaches the value a from either
side, then L is the limit of f(x) as x approaches . We use the following notation:
lim 0 = 1

N L

CONTENT

RW

1.3.2 : Remove of indeterminate cases
e Indeterminate cases

. 0
v  Indeterminate form 5

In general, in any case where the limits of both the numerator and the denominator are
0, you should try to algebraically simplify the expression, to get a cancellation by:

« factoring
« rationalizing

« using trigonometric transformation

Examples

18



1. Calculate:

X-1 . x4
i — b lim
(a) 5 1-x () 539 x-2
lim 3x+9
© 3 ¥-9
Solution
(@) lim (x*-1)=1>-1=0and lim (1-x)=0
x—l x—l
o 1 lim  (e=1){x+1)
weh‘“’"‘xl_en = “x1 =-1)
= lim [—(x+1)]
x—1
=_(1 3+ 1)=-2,

(b) lim (x*-4)=0and lim (x-2)=0
x—>1 a—31

Since the expression in the numerator factors,

! -4 . — +2 3
x':';z B =xh-:.)2 = x)—(; )= lim (x+2) =4
x—2
x+9 = 0
e 3((.;3;:99 = indeterminate form.
lim 2X*9 _ 3(x+3)
x—33 *-92 x33 x-3)(x+3)
3
— li'n x_3
x—3
=3
=r-
_ 1
=53

19



2.  Evaluate:
@ lnfeat

x—=0 %
Solution
( a) hm \rx—+2 - VT
x—0 x

lim Va2
x—=0 *

g lx
(b) xh—')"o I/ETY

S =% indeterminate form.

e Wx+2-2)x=2+2)
x=0 xiyx+2)

x+2-2

= lim

x—30 +1+y3)

X
= lm
x—=0 XQ"‘-‘-’*\"Z_)

2x

(b)  [fm TS xvs

1
= lim E+3
x—0 (WX +2+ "'2_)
o e
211'2_ T.
= ,"_’—3 = % indeterminate form
2x (3+4/x+9)
x’:"o Bz =BT )
2x 3+ /x=09)
= lim
x— e nd)
2 B3+ /x+9)
x—0 =
x—0
= —2(6) = —12.

Notice that sometimes, it may be necessary to use a change of variable to simplify the

problem.

v’ Indeterminate form o — o

20



If the evaluation of a limit leads to:
(+00) — (+=0); (—=2) = (===);
(#00) + (—=2); (=20) + (+=0).

then the limit is an indeterminate form.

To remove the indetermination e —co, multiply and divide the expression by the conjugate.

Example
Calculate: lim (x—/x>+4x-1)
X —3+o2

Solution

lim  eTidx—1=

x—yt o

= lim (x—\/g) =x}i;:‘°°(x_lx|)

X —+e2

= lm (x-x)
X —+eo

= (+20) = (+=°) = co—co; indeterminate form.

\

i | ) : (x i+ 4 -1)(x+/ad +4x-1)
im (X~ +4x-1 im
X —pteo 4 X —+eo (x+vx2+4x-l)

2 (0 +4x-1)
= i - = ——r o
eyron AHVE 421 ey XX

v’ Indeterminate form 2

Examplel Evaluate |y — 1+l

e X +3x+1

1 1
1 Ni+=~ 1 i 1+~ i
: ; X+ x X X+ 2 X
Solution: - = = hm—r—=hm~ —— = )
e X +3x+1 _,r;(“l*’_l._) e X 23X Cpa X (1+l+l.) @
X x X X

¥ Indeterminate form Ox«

Examplel  Evaluate [y rhx
S

Solution ]yyy ¥ 1 x = 0x <o which is indeterminate form.
o



\0

o=

Theoretical learning Activity

Discuss on what do you understand by “indefinite forms”

Practical learning Activity

lim [Crx+? -c—xt3
v’ Evaluate the limit: *—+==

= .3
Points to Remember (Take home message)

Suppose that f(x) — 0 and g(x) as x — a. Then the limit of the quotient %
as X — a is said to give an indeterminate form, sometimes denoted by 00 . It

may be that the limit of % can be found by some methods such as factor
method, rationalisation method, 1’Hospital’s rule, etc...

Similarly, if f(x)— o and g(x) — o as x — a, then the limit of % gives
an indeterminate form, denoted by g Also, if f(x) — 0 and g(x) — « as x

— a, then the limit of the product f(x)g(x) gives an indeterminate
form 0 X oo.

ﬂ [

B, . .

— Learning outcome 1.3: Formative Assessment
Practical assessment

v’ Task to be performed:

Find the following limits, if they exist.

. X —x—2 . T T . [2z+4-2
1. lim =—S—= 2. lim {25-x-4 lim —————
o2 - 3. =0 =

(> : .
x—-3x+2 =

CONTENT

Learning outcome 1.4. Determine the asymptotes to the rational and polynomial
functions.

Duration: 10 hrs




9
Learning outcome 2.4. Objectives:
By the end of the learning outcome, the trainees will be able to:

1. Discuss clearly on the definitions of different types of asymptotes as applied in basic
mathematical analysis.

2. Describe appropriately how to determine different types of asymptotes of a function as
applied in basic mathematical analysis.

WResources

Equipment Tools Materials
Reference books Didactic materials such | Handouts on worked
as manila paper examples
Internet pap P

Geometric instruments

(Ruler, T-square)

Advance preparation:

. Refer to manual discussing on how to determine the asymptotes to the
rational and polynomial functions.

CONTENT

1.4.1: Definitions of asymptotes
e Definitions

Aline (1) is an asymptote to a curve if the distance from a point P to the line (1) tends to
zero as P tends to infinity along some unbounded part of the curve.

v’ Boundaries of domain of definition
v’ Vertical asymptotes



p—r——

o -
X

d o<
o

TR

/N Y S
'a ‘a
T_ﬁx 0 : >X
4 N
line x = a, where a€ R, is said to be vertical asymptote to curve y = f(x) if and only if
lim _f(x) =00,
x —a

More exactly, if at least one of the following is verified:

lim f(x)=+c0; lim f(x)=+00; Ilim f(x)=-00; lim f(x)=—o0.

x —a+ x—a- x—a- x-—>a

v’ Horizontal asymptotes

y
""" ] i | R
0 = ) >x
) o
. RS, . —
0 g 5 >

Line y =b, where b € R, is said to be horizontal asymptote to curve y = f(x) ifand only
if lim f(x)=b.

x—3e0
More exactly,

lim f(x)=bor Ilim f(x)=b,beR.

x —-o0 x—>+o0

v Oblic asymptotes

24
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0l .’ > - >X
s O ’
’ ’
’ ’
¢ ’
4 ’
’ ’
’ ’
y L
’ ’
’ ’
’ ’
’ ’
7~ > 2 S
v
’ > X
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Line y = m x + p, where m and p are real numbers and m # 0 is said to be oblique
asymptote of the graph of function y = f(x) ifand only if:

lim @andb= lim [f(x)-mx].

X —co X x —oo

o
3 ol

Theoretical learning Activity

Describe the types of asymptotes?

¢ .

Practical learning Activity

v" What is an asymptote? Carry out research and find out the meaning. Also, find out the

types of asymptotes.

Points to Remember (Take home message)

A line L is an asymptote to a curve if the distance from a point P of the curve
to the line L tends to zero as P tends to infinity along some unbounded

part of the curve. We have three kinds of asymptotes: vertical asymptote,
horizontal asymptote and oblique asymptote

CONTENT

I I I T T

1.4.2 : Determination of asymptotes
e Calculations

v’ Vertical asymptote

v Horizontal asymptote



v" Oblique asymptote
Example 1:

X
Find the vertical asymptotes of function f(x) = ] and the position of the graph with respect to

2
the vertical asymptotes.

Solution
Vertical asymptotes: x =-1and x = 1.

To determine the position of the curve with respect to the vertical asymptotes, we consider the sign
of f(x) in the vicinity of x =-1and x = 1.

X —0 -—l () l + oo
2 === == 0+ + + +
-2 |- - - 0++ Q===
f(x) + | -0 + || -
lim f(x) = 400 ; lim f(x) = —oo; lim f(x) = 400 ; lim f(x) = —oo .
x->—1" x->-1t x -1~ x -1t
N
=y e G
'd 4
Example 2:
. . . . . x? +3x
Find the equations of vertical and horizontal asymptotes of function f(x) = o aZ

Solution

Vertical asymptotes: x =-2and x =2

X -0 =3 -2 0 2 -0
X+3x | ++0- - -0++ + +
4 - a? ——m = QR0 ==
fix) =0 [l=0 | =

lim f(x) = 4+o0;
x— =27
Jim fG) =~
lim f(x) = 4+o0;
x— 27

g, 1) = o,

26



Horizontal asymptote:

y=-1(lim f(x) = —-1)

X — 00
Example 3:

x%—x-2
Find the asymptotes of the function f(x) = 2

Solution

Let y = mx + p be the equation of oblique asymptote:

Thenm = lim t(\)

x—eco X

; al-x—-2
= lim —_———
x4 2x

x —yoo

e
I

lim [1(\) - lll.\‘]

X —co

X —n—12

= lim |———m— X
X4 2x

x »ex

K= — 22—t~ 2
x4 2

= lim
e i 4]

—3x—2 -
= i ——
T a2
A —oo

Therefore, the oblique asymptote : y=x -3

Practice:
: . ax+ S _.
Lines x = 2 and y = 3 are asymptotes of function f(x) = b i 4" Find a and b.
x
- 3 S :
Line x + 3 = O is asymptote of function f(x) = 2:: : = Find the value of a.

Find the vertical and horizontal asymptotes of the following functions:

2

X“—x—6
(@) fx)=5——;
_ x+1 _ (x+1)?
(b) g(x) = (x+3)(x+5) (C) h(X) T X2+ 4x+3

27
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Theoretical learning Activity

< Bl

Describe the types of asymptotes?

VL
%

Practical learning Activity

2

X“—=x—2

v" Graph the following and find its asymptotes y = -

. ‘3
Points to Remember (Take home message)

An asymptote can be in a negative direction, the curve can approach from any

side (such as from above or below for a horizontal asymptote), or may actually cross over
(possibly many times), and even move away and back again.

The important point is that:

The distance between the curve and the asymptote tends to zero as they head

to infinity (or - infinity)

-ﬂﬂ Learning outcome 1.4: Formative Assessment

2
x“—-3x
1. Find the asymptotes of ((Zx——Z) and sketch the graph.

2. Graph the following and find their asymptotes.

x+2 x3-8

2. y=——mm
xZ 41 Y x245x+ 6

1l y=

28



Learning Unit 2: Apply fundamentals of differentiation

YA

dy ;
— = 0 Tangent

dy

dr

dy _ . | Tangent

0 Tangent

Q a

P,Q, R are

b
called Stationary Points

<y

STRUCTURE OF LEARNING UNIT

Learning outcomes:

2.3. Apply derivative.

2.1. Determine derivative of a function.
2.2. Interpret derivative of a function.

2.4. Sketch graph of a function.

Learning outcome 2.1. Determine derivative of a function.

Duration: 5 hrs

29



&
@Learning outcome 2.1. Objectives:
By the end of the learning outcome, the trainees will be able to:
1. Define correctly the term: “Derivative” of a function as applied in basic mathematical analysis.

2. Describe clearly how to determine the derivatives of different types of functions as applied in basic
mathematical analysis.

ﬁResou rces

Equipment Tools Materials
Reference books Didactic materials such | Geometric instruments (Ruler, T-
as manila paper square
Internet Pap 9 )
Handouts on worked examples

& .
Advance preparation:

. Refer to manual describing fundamentals of differentiation

CONTENT
71 R et It I —

2.1.1: Definition of derivative

¢ Definition of derivative

N . vy , . fx+h)—-f(x) . -
The derivative of f(x) is the function f '(x) given by f '(x) = illlm 3 , provided the limit
-0

exists.
The process of computing a derivative is called differentiation.

Further, f is differentiable on interval | if f is differentiable at every point inI.



B [
qTLJ

#RTheoretical learning Activity

v Find out the meaning of the term derivative in mathematics?

L
Re

Practical learning Activity

v" What is the derivative of f(x) = 2x — 5

Points to Remember (Take home message)

The derivative of a function, also known as slope of a function, or derived

. +h)—
function or simply the derivative, s defined as (9 = lim [ ,z &)
_)

CONTENT

N

2.1.2. Determination of derivatives

eCalculation of derivatives

_’/\_/ 7\_/\'/\__/7

v’ Derivative of function at a given point

The derivative of function y = f(x) at x = a is defined as f'(a) = i kar i) (“),
) L : - h—»0 h
provided the limit exists.

We say that fis differentiable at x = a

f’(u) — lim S(x)-f(a)

x—pa X4
By calculating the derivative in this way, we say that fis differentiated using definition
or first principle.
1. Calculate the derivative of f(x) = 3x% + 2x -1 atx = 1.

Solution

We have: f' (1) = lim M

h -0
. [3@a+n)?+2 (1+h)-1]-4
= lim [ |
h -0 h
. 3h%+8h
= lim ——
h -0 h

=lim(3h+8)=11.
h -0

31



Find the derivative of f(x) = x2 — 5x + 3 at an unspecified value of x. Then evaluate f' (0), f' (1)

Solution

fl (X) =’llin})f(x+}2_f(x)
(x+h)2-5(x+h)+3-x2+5x-3
h

= lim
h -0

=lirnh(2x+h—5)

h -0

=rllim0(2x+h—5) = (2x—5)
f'(0)=2(0)-5=-5

fr(1)=2(1)-5=-3

Properties:

Ify = f(x), then
f)=y=2 =L =2 ).

The expression .% is called a differential operator and tells us that the derivative is with
X

respect to x (that is by considering x as a variable).
d
(1) For any constantc, €= 0.

. d . .
(3) For any integer n >0, o x™ =n x""1 The formula is generalised for any real number

d _
r—— () =rx" 1

(4) If f(x) and g(x) are differentiable at x and c is any constant, then.
()= [f() £ g@)] = f'() £ g’ (x);
(i) = [c f@]=cf' ().

v’ Derivative of a polynomial function

If f(x) and g(x) are differentiable at x and c is any constant, then.

32



() = [FE) £ g()]=f' () tg' (X);

(i) == [c fE)] =cf' ().

Example
Find the derivative of f (x) = 2 + 3x + 6x2 + 21x3
Solution

f'(x) = 0 + 3+12x + 63x>
Product rule

Suppose that f and g are differentiable functions at x. Then
4 [(2)g(e)]= (g0 +f(2)g0).

Example
Find £ (x) iffx) = (2x¢ = 3%+ 5) (@ - v + 2) ¢

Solution

1 2

f'(x)=(8x3-3) (X2-Vx + §)+(2x4—3x+5)(2x— e Z)-

2vx

v’ Derivative of a rational function

Quotient rule

Suppose that f and g are differentiable at x and g(x) = 0.

Then d [f ()] F(=) g) - £(x) g(=x)

I Lg(x) | [g(x)]? '
Example
Find £* () if f(x) =552 .

Solution

(x2-2)" (x%+1)-(x2+1) (x2-2)
(x%+1)?

f'(x) =

_2x (x241)-2x (x%-2)
- (x2+1)?

33



_ 6Xx
(x2+1)2

Exercises

Find the derivative of each function:

3x—2
= 2 2 _ =
1. f(x)=(x*+3) (x*-3x +1). 2.  f(x) )
3. f(x) =D 4. f(x)= i
) X) = x2-5x+1 T x244x
Trigonometric formulas
d d B d : 2
E‘SIH.L—LGSE E(‘GSJ —'311'1..L a amn.r — sec T
d t d £ d £ 2
ECSCJ_——CSCJZLD I, ESELL—‘SELE all It a(‘[}i——f‘if XI
v’ Derivative of an irrational function
Formula
f 1{/— ) u’
= - = —
(X) u f (x) RW
Example
2x — 3
fix)=Vx2 —3x o f'=——= f(x)=Vx2+ 1> f'(x) =

2Vx2—-x3

2+1)2

2 (Zx 3) - (x? - 3x)

f(x) =Y (2 =3x)%2 > f'(x) =

3[(x2=3x)%

v’ Successive derivatives

34



Lety= f(x)

'

d . z & -
y'= ai_: the first derivative of y

d sd
)’”: dx ‘ :le)

d? . :
= =% . the second derivative ofy

dx
l" d i)z
Y= dx( dx?
d‘

= :: : the third order derivative of y

d» : g -
y™ = : the derivative of order n.
d x”

Example

Lety = 3x%-2x2 +1..

Compute as many derivatives as possible
Solution

y'=123-4x; y"' =36x2-4; y"=72x; y®=72; y&=0; y™ =0 forn=5

=
AR Theoretical learning Activity

v Discuss on the first principle of derivative?

s@?
Practical learning Activity

v Find the derivative of the following function using the definition of the
derivative: g(t) =Vt

35
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Points to Remember (Take home message)

v' The derivative of a function f(x), also known as slope of a function, or derived

function or simply the derivative, is defined as
fx+h)—f(x)

h
v' From the first principles, the derivative functions of: f(x) = x

f'(x) = }1111(}

Solution
f(x) = x?
- 2_ .2 2 2 .2
f'(X):limM — limm — limx +2xh+h%-x
2
2xht h = limw

=lim = lim(2x+h) = 2x+ 0 = 2x
h—-0 h—-0 h -0

B

Itz
=) Learning outcome 2.1: Formative Assessment

Determine from first principles the derivative of the following functions:

(a) 2 (b) x + x3 (c) x3+2x+3

Learning outcome 2.2. Interpret derivative of a function.

Duration: 5 hrs

Learning outcome 2.2 Objectives:
By the end of the learning outcome, the trainees will be able to:

1. Discuss clearly on Geometric interpretation of a derivative of a function at a point as
applied in basic mathematical analysis.

2. Describe properly the kinematical meaning of a derivative as applied in basic
mathematical analysis.

[
Resources

Equipment Tools Materials

36



Reference books Didactic materials such | Handouts on worked

as manila paper examples
Internet pap P

Geometric instruments

Advance preparation:

. Refer to manual describing interpretation of derivative

N K

CONTENT

BN

2.2.1 : Geometric interpretation of derivative of a function at a point
e Geometric interpretation of derivative at a point

A(xo: f(xo) )

B(x0+h,f(xo+h))

4/

The gradient of the secant line AB is flx, +b) - fx) _ flx+ hl){—f (%))

x,+h)-x,

.

As h—>0, B moves on the graph y = f(x) towards A, the secant line approaches the

tangent line to the graph y = f(x) at x. Thus, the gradient (the slope) of the tangent is

lim f('to +h) - f(xo)
h -0 h

point (x,, f(x,)) isy—f(x) = () (x-=,).

= f'(x,). Therefore, the equation of the tangent to curve y = f(x) at

Since, the normal is the perpendicular to the tangent, the equations of the normal to

, 1
curve y = f(x) at point (x,, f(x,)) is y- f(x,) = T & ~x,).

Examples
Find the equation of the tangent to graph:

(@) y=x*+1 atx=1

37



(b) vy =% atx =2

Solution

(@) x=1;y=12+1=2
y'=2x;atx=1, y' =2
The equation of the tangent is

y—-2=2(x—-1);y=2x.

(b) x=2;y=1

y'=—=; atx=2y'= -1

x2 ; 2
The equation of the tangent is
y—1=—-2 (x —2); y=—1x+2.
2 2
Exercises

1. Find the equation of the tangent line to the graph of function f(x) =4 — 4x +§

2. Find the equation of the normal to the graph of function

f(x) = (x* = 3x% + 2x) (x3 — 2x + 3) at the origin.

()

HRTheoretical learning Activity

v’ Discuss on the interpretation of a derivative of a certain function at any given point?

N
Practical learning Activity

v" Find from first principles, the slope of the tangent to the following functions at

a given value of x: f(x) = 2x> +3atx =2

38
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Points to Remember (Take home message)

.The slope (gradient) of the tangent to a curve of f(x) is defined as the
slope of

the curve f(x), and is the instantaneous rate of change in y with respect
to X.

* Finding the slope using the limit method is said to be using first
principles.

* A chord (secant) of curve is a straight line segment which joins any
two

points on the curve.

* A tangent is straight line which touches curve at point.

.The slope of the tangent at the point x = a is defined as the slope of the
curve at the point where x= a, and is the instantaneous rate of change in
y with respect to x at that point.

N

CONTENT
_\/\_/_\/_\/_\_/\/—

2.2.2: Kinematical meaning of a derivative
e Kinematical meaning of a derivative

Velocity

Suppose that the function f(t) gives the position at time t of an object moving along
a straight line. That is, f(t) gives the displacement from a fixed reference point, so that
f(t) < 0 means that the object is located |f(t)| away from the reference point, but in
the negative direction. Then, for two times a and b (where a < b), f(b) — f(a) gives the
signed distance between the positions f(a) and f(b).

The average velocity is given by

-5,
b-a

If f(t) represents the position of an object with respect to some fixed point at
time t as it moves on a straight line, then the instantaneous velocity at time t = a is

v(a) — lim f(a+h) ‘f(a)
h—0 h

, provided the limit exists’

Example
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The height of a falling object, t seconds after being dropped from a height of 64 meters
is given by f(t) = 64 — 16t%. Find the average velocity between timest=1and t=2, and
find the instantaneous velocity at time t = 2.

Solution

f@-f(1) _ 0-4

Average velocity = P T 8 - 48m/s .

Instantaneous velocity:
f'(t) =-32t
t=2,f'(2)=-32(2)= -64 m/s.

If s(t), v(t) and a(t) are position, velocity and acceleration at time t respectively, we
d d? d
have v=d—‘z anda="= or a==

dt? dt -’
v" A body moves along the x-axis so that at time t seconds x(t) = t> + 3t? — 9t. Find:
(a) the position and velocity of the body att=10.1, 2
(b) where and when the body comes to rest
(c) the maximum speed of the body in the first 1 second of motion
(d) the maximum velocity of the body in the first 1 second of motion
(e) the total distance travelled by the body in the first 2 seconds of motion.
v Solution
(@) x(t) =t3+3t2-9t ; v(t)=3t2+6t—9=3(t2+2t—3)=3(t+3)(t—1)
Whent=0,x=0andv=-9; whent=1,x=-5andv=0; whent=2,x=2andv=5.
Att =0, the body is at the origin with velocity of -9ms™.
At t = 1, the body is 5m to the left of 0 with velocity of Oms™.

At t = 2, the body is 2m to the right of 0 with velocity of 15 ms™.

(b) The body is at rest when v = 0. This occurs when t = 1 (t 2 0). At this time the body is 5m to the left
of the origin.

(c) The velocity is increasing in the interval [0, 1] since v'(t) =6t + 6> 0. v(0) = -9 and v(1) = 0.
Therefore the maximum speed in the first 1 second is 9ms ™.

(d) From part (c), the maximum velocity is Oms™.

(e) The following diagram illustrates the position of the body fromt=0tot=
2.

-5 Ll.' > 5
From the diagram the total distance travelled is 12 m.

Exercises
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1. The height of a falling object t seconds after being released is given by,
s(t) = 640 — 20t — 16t%. Find the acceleration at time t.

2.  Use the position function to find the velocity at time t:
(a) s(t) = t2 —sin2t; t = 0. (b) s(t)= 5‘3;"_3; b=t
(c) s(t) = 4 + 3 sint; t = 7T,

Indeterminate forms and Hospital's rule

Suppose that f and g are differentiable on the interval |a, b[, except possibly at some
fixed point c € ] 4, b[ and that g’ (x) # 0 on ]a, b[, except possibly at c.

Suppose further that  lim £(x) has the indetermination 2 or% and that lim f.Tx)) =L
(or oo) x—>C g(x) 0 X —>c

Then fim £() = lim %))

x—c 8(") x—c 8

The conclusion holds if  fim £(2) s replaced with any of the limits

x—c B\*
lim &% ’ lim f(_x% or lim f-gi) .
x—c’ g(x x—>cC g x —>=oco g(x)
Example
Evaluate: Ilim l-cosx,
x—0 sinx
Solution
lim l-cosx = 1%0 = % =%; indeterminate form.
x—0 sinx i
lim l-cosx — lim (_1—.cosx)’ = lim SEE AN =i, L U 0.
%—50 sinzx x50 (sinx) x50 COsx cos 0 1

Remark: Before applying Hospital's rule, make sure you have indeterminate forms g-
or—.

(= =)
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i
R Theoretical learning Activity

v’ Discuss on what is Kinematical meaning of a derivative?

L@}
‘! Practical learning Activity

v A particle is moving along the x-axis such that its position, x(t) metres to the right of the origin at

time t seconds, is given by x(t) = t>— 9t? + 24t — 18. Describe the particle motion during the first
five seconds and calculate the distance travelled in that time.

= .3
Points to Remember (Take home message)

If the function y = f(x) is represented by a curve, then f'(x) = Z—z is the slope function; it is the

cly

"3 = "3 s the derivative of the slope function, it

rate of change of y with respect to x. Since

is the rate of change of slope and is related to a concept called convexity (bending) of a curve.
If x =tis time and if y = s(t) is displacement function of moving object, then s'(t) = g is the

velocity function. The derivative of velocity i.e. the second derivative of the displacement

<

v Of "de ; it is the rate of change of the velocity function, which is, the

function is s"(t) or >

acceleration function.

o

Learning outcome 2.2: Formative Assessment

1. A body moves along the x-axis so that its position is x(t) metres to the right of the
origin at time t seconds.

a) If x(t) = t2 — 3t2 explain why the total distance travelled in the first three seconds of
motion is not equal to the displacement in that time.

b) If x(t) = t3 = 3t2 + 3t explain why the distance travelled in that first three seconds of
motion is now equal to the displacement in that time.
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Learning outcome 2.3. Apply derivative.

Duration: 5 hrs

&N
@Learning outcome 2.3 Objectives:
By the end of the learning outcome, the trainees will be able to:

1. Describe clearly how to determine the equation of tangent line at a given point as
applied in basic mathematical analysis.

2. Describe correctly how to determine the equation of normal line at a given point as
applied in basic mathematical analysis.

3. Demonstrate appropriately the increasing and decreasing intervals for a function as
applied in basic mathematical analysis.

4. Describe properly the maximum and minimum points of a function as applied in basic
mathematical analysis.

5. Discuss clearly the concavity, inflection point on a graph as applied in basic mathematical

analysis.
-
Resources
Equipment Tools Materials
Reference Books Didactic materials such | Hand-out notes
Internet as manila paper Geometric instruments

Advance preparation:

. Refer to manual discussing on application of derivative.

CONTENT

2.3.1: Determination of equation of tangent line at a given point
e Tangent and normal at a point a of a function

eDetermination of equation of normal line at a given point

The equation of the tangent line at x = a can be expressed as:

f(x) —f(a)=f1((@Q)(x—a)

43



The equation of the normal line at x = a can be expressed as:

—1
f(x)—f(a)=f,(T)(x—a)

Example 1: Find the equation of the tangent and normal lines of the function f(x) =

V2x —1 at the point (5, 3).
Solution:

a) Equation of the Tangent Line.

Step 1: Find the slope of the
function by solving for its first
derivative.

f(x)=vV2x=1
fo) = 2x—1)2
F0) =5 @x— 17 @)

. S
f(x)—m

Step 2: Knowing f'(a), solve for
the slope of the tangentata = 5.

1

f'(5) = T =

rs) =3
Step 3: Solve for f(a). f(5) =J2(5) —1
£(5) =3

Step 4: Substitute found values
into the equation of a tangent line.

G = Fla) = FlayCx —a)
fG)—3=3@(—5)

b) Equation of the Normal Line.

| Step 1: Find the slope of the normal line
=X
'@y

Since f'(5) = ; then F-E:T-)' =

-3

Step 2: Given the equation of a tangent
line, swap slopes.

—1
f(x)-f(a)=m(x—a)
f(x)—3=-3(x—5)
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fATheoretical learning Activity
v

Discuss on what is a tangent line at normal point?

) Yd
Practical learning Activity

v" Find the equation of the tangent to f(x) = x* + 2 at the point where x = 1.

Points to Remember (Take home message)

v' Tangent line to a curve of function
Consider a curve y = f(x) . If P is the point with x-coordinate a, then the slope
of the tangent at this point is f'(a) . The equation of the tangent is by equating

v — tla)

slopes *-2 =1 o y —fla) = f(a)(x — a)

v" Normal line to a curve of function
A normal to a curve is a line which is perpendicular to the tangent at the point of
contact. Therefore, if the slope of the tangent at x = a is f'(a) , then the slope of a
1

normal at x =ais 7@ This comes from the fact that the product of gradients of
two perpendicular lines is —1.
v" Note: If a tangent touches y = f(x) at (a, b) then it has equation

—-b o X .
l_a =f(a)ory-b=F(ax-a)
v" Vertical and horizontal lines have equations of the form x = kandy =c¢

respectively, where ¢ and k are constants.

CONTENT
ettt e et
A

2.3.2: Increasing and decreasing intervals for a function

A function f is strictly increasing on an interval 1 if for every x, x, in I, with x <
f(x,)<f(x,), thatis f(x) gets larger as x gets larger. For convenience, we place ascenc
arrows; .

A function f is strictly decreasing on an interval 1 if for every x, x,, in 1, with x <
f(x,)=>f(x,), thatis f (x) gets smaller as x gets larger. For convenience, we place descenc
arrows; ~a .

Suppose that f is differentiable on an interval I:

(i) If f'(x) > 0 forall xe I, then f is increasing,

(ii) If f'(x)< 0,0 forallx € I, then f is decreasing.

Example
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Find the interval where f (x) = 2x' + 9% - 24x ~ 10 is:
(a) increasing,

(b) decreasing.

Solution

f'(x) =6x*+ 18x—24
=6(x—-1)(x+4)

N I it -4 1 + oo
Yl 3 0=== 0+ & &+
7 S A
(a) fis increasing for x € J—~(;-u, _4[\_)J 1, unt_

(b)  fisdecreasing for x€ | -4, 1 [.

Note that the critical numbers ( 1 and —4) are the only possible locations for local
extrema.

#RTheoretical learning Activity

v" Describe what is an increasing and decreasing function?

N/
Practical learning Activity

v" Given the function f(x) = 2x3 + 9x? + 12x + 20. Determine the interval where
the graph of the function is increasing and where it is decreasing.

Points to Remember (Take home message)

v Areal function f is increasing in or on an interval I if f(x1) < f(x2) whenever x1
and xz are in | with x1 < x2. Also, f is strictly increasing if f(x1) < f(x2)
whenever X1 < X2.

A real function f is decreasing in or on an interval | if f(x1) > f(x2) whenever x1
and xz are in | with x1 < x2 . Also, f is strictly decreasing if f(x1) > f(x2)
whenever X1 < X2

46



N K

CONTENT

AN

2.3.3 : Maximum and minimum points of a function

e Maximum and minimum points of a function

First derivative test

Suppose that f is continuous on the interval [a, b] and c €] a, b[ is a critical number.

(i) Iff'(x)>0forallxe ]a,c[ and f'(x) <0forall x€]c,b[ (thatis f'changes the
sign from positive to negative) then f(c)isa local maximum.

(ii)) If f(x) <0 for all x€] g, c[ and f'(x) > 0 for all x €] c, b[, then f(c) is a local
minimum.

(iii) If '(x) has the same sign on ]a, c[ and] c, b[, then f(c) is not a local extremum.

Example

Find the local extrema of function f(x) = 2x* — 3x’-12x + 13, and state the nature of
each of them. Find intervals when f is increasing, decreasing.

Solution

fi(x) =6a"-6x-12
=6{x*=x-2)
=6(x-2)(x+1)

f(x)=0ifand onlyifx=-1orx=2

X —o0 -1 2 +00
flx)] + + 0- -0+ +

¥ Ny

fis increasingifx € ]-oo,—1 [W]2, +oo[ f is decreasingifx€ ] -1, 2 [maximum (-1, 20),
’ minimum (2, -7).
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< B

Theoretical learning Activity

Describe on what is maximum and minimum points of inflection?

VL
%

Practical learning Activity

v Find the maximum profit that a company can make, if the profit function is
given by P(x) = 4 + 24x — 18x?

Points to Remember (Take home message)

v/ Stationary point
This is a point on the graph y = f(x) at which f is differentiable and f’(x) = 0. The term
is also used for the number ¢ such that f’(c). The corresponding value f(c) is a
stationary value. A stationary point ¢ can be classified as one of the following,
depending on the behaviour of f in the neighbourhood of c:
(1) A local maximum, if f'(x) > 0 to the left of c and f’(x) < 0 to the right of c,
(i) A local minimum, if f'(x) < 0 to the left of ¢ and f’(c) > 0 to the right of c,
(iii) Neither local maximum nor minimum, if (i) and (ii) are not satisfied.
Note: Maximum and minimum values are termed as extreme values

CONTENT

N — e —— — — — — — —— —

2.3.4 : Concavity, inflection point on a graph
e Concavity, inflection point on a curve

For a function f that is differentiable on an interval I, the graph of f is:
(i) ConcaveuponlIiff“(x) >0 (thatis f'isincreasing on I): indicated by “r
(i) Concave down onIif f”(x) < O (that is f'is decreasing on I): indicated by ~~~

Suppose that f is continuous on the interval ]a, b[ and that the graph changes the
concavity at a pointc € ] a, b[.

Then the point (c, f(c)) is called an inflection point of f.

Second derivative test

Suppose that f is continuous on the interval] g, b[ and f’(c) = 0, for some number
c€ ]a,b[,

(i) Iff"(c) <0, then f (c) is alocal maximum,

(ii) Iff"(c) > 0, then f(c) is a local maximum.

Example
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13 Use the second derivative test to find the nature of the local extrema of function
F(x) =x* — 8x* + 10.

Solution
f(x) =42*—16x
=4x(x—-2)(x +2)
Thus the critical numbersare x=0; x =2; x =—2.
We also have : f"(x) = 12x>— 16
F7(0)=-16<0
f(2)=32>0
f'(2)=32>0

So by the second derivative test, f(0) is a local maximum and f(-2) and f(2) are
local minima.

2. Determine where the graph of f(x) = x* — 6x? + 1 is concave up and concave
down, and find the inflection point.

Solution
filx) =42—12x
= 4x(x— 3 )(x+/3)

\

[ f(x) =122 —12
=12(x—1)(x+1)

x | -—o -1 1 +o0

f(x) + 0o — o +
S Al Se B A

The graph is concave up if x € | —e=, 1[u]1,+°=[, and concave down ifx ] -1, 1[. The
graph has two inflection points: I (-1, —4) and I,(1, —4).

=

Exercises

1.  Determine the intervals where the graph of the given function is concave up
and concave down:

@) flx)=a*-3x*+4x-1 (b) f(x)=x*—6x>+2x+3
2.  Find the local extrema of function:
(@ y=3x*-4x. (b) y= %x" —2x%+3x+ L.

3. Given the function f(x) = —x% + 3x + 4, find:
(@)  the first and second derivatives, study their signs.
(b) the intervals where f is increasing, decreasing.
(c) thelocal extrema and precise the nature of each of them.
(d) theintervals where the graph of f is concave up, concave down.

(e) theinflection point.
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6LIT.,??’R‘?Theoretical learning Activity

v’ Discuss on concavity and inflection point of a function?

N
Practical learning Activity

=fx) =X+ X
v" Given the function 3 2

(a) State the values of x for which f is increasing

(b) Find the x-coordinate of each extreme point of f.

(c) State the values of x for which the curve of f is concave upwards.

(d) Find the x-coordinate of each point of inflection.

(e) Sketch the general shape of the graph of f indicating the extreme points and points of
inflection.

. "3
Points to Remember (Take home message)

v A curve is said to be concave downwards (or concave) in an interval Ja, b[
If f'(x) <0 for all xe]a,b[.

v A curve is said to be concave upwards (or convex)

v A point of inflection is a point on a graph y = f(x) at which the concavity changes.

If f is continuous at a , then for y = f(x) to have a point of inflection at a it is
necessary that f”’(a) = 0, and so this is the usual method of finding possible points

of inflection. in an interval Ja, b[ if f’(x) > 0 for all x €]a,bl[.

[
-ﬂ =N Learning outcome 2.3: Formative Assessment

— 2x

k| =

X
1. Find the inflection point of the function defined by: =3+

2. State the values of x for which the curve of fis concave upwards

Learning outcome 2.4. Sketch graph of a given function.

Duration: 5 hrs
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Learning outcome 3.4. Objectives:
By the end of the learning outcome, the trainees will be able to:

1. Discuss clearly how to establish required parameters as applied in basic mathematical

analysis.

2. Describe appropriately how to sketch a graph as applied in basic mathematical analysis.

e
Resources

Equipment Tools Materials
Reference books Didactic materials such | Handouts on worked
as manila paper examples
Internet pap P

. g Geometric instruments
Scientific calculator

(Ruler, T-square)

Advance preparation:

. Refer to a manual describing how to sketch a graph of a function.

CONTENT

2.4.1 : Establishing required parameters

Introduction

A rule that defines a function can be given by: an equation connecting the independent variable x
and the dependent variable y = f(x) or a graph: the set of all points (x, y) in the xy— plane that satisfy
the equation y = f(x).

e Parameters required

v/ Variation table

By definition, a variation table is the table which contains the results from the first derivative and

second derivative.
v’ Additional points
Additional points are other points which shows where the curve of a function must pass
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AR Theoretical learning Activity

v Discuss on the parameters required for graphing a given function

NZ
Practical learning Activity

v" Describe on a variation table and addition points for graphing a function f(x)

= . 3
g Points to Remember (Take home message)

v" Variation table: is the table which contains the results from the first and second
derivative.

v Additional other points which shows where the curve of a function must pass
points.

¥

NTENT

s/

2.4.2 : Sketching graph

e Curve sketching X

~ — e — p— — — —— — ——~—— — S — —

When trying to draw the graph of y = f(x), start by gathering information about the graph through the

following tests:

. Domain

. Limits at the end points of the domain and asymptotes
. First derivative information

. Second derivative.

. Variation table

. Intercepts

. Supplementary points

00O N O U1l A WIN P

. Sketch the curve.

¥’ Curve sketching of a polynomial function
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r Example 1

Investigate fully the graph of function if: R— R: x=f(x) = —x* + 5¢* - 4:
Solution

1. Domain:

D,=]-°°r+°°[

YxeD,-xe Dfandf(—x) =—(—x)*+5(-x)* -4
=-x*+52-4
=f(x)

Therefore, f is an even function.

The graph of y = f(x) is symmetrical about the y-axis: it is sufficient to graph the |
function on R* = [0, +==[ and complete it on ]—==, O[ from symmetry.

2. Limits at the end points of the domain

lim  (—a*+5x"—4)
x—> 4o

i (s
x— 4o
—(+o2)*

—co

From symmetry, [lim (—x*+5x—4)=—co
X — —oo

The graph has no asymptote.
3.  Firstderivative information.
f(x) =—4x®+10x = 2x(2x* - 5)
f“(x) =0ifandonlyifx=0orx= 1/17_6(011[0, +oo[)

x |0 @ +oo
2
y0o + 0 —
9
Yy 4
A
—4 —oco

Function f is increasing forx < ] 0, V10 [ and f is decreasing for x e]V10, 4oof.
2 2

9
The graph has a maximum at M( ‘/17_0-’ L)




Second derivative information:
f'(x)=—1222+10

f“(x) =0ifand onlyif x= g

x 0 V30 e

6

y” - 0 —
y 19
The graph is concave upifxe 10, \_/3_;@ [ and concave down ifx e ‘Eg, +oof.

7 e

1
The graph has an inflection point at II(‘/3—Z), -§95 )-

The first and second derivatives information can be summarized in the table

below:
= [ B BT .
y 0 + + 0 =
yu e 0 — = =
y 9
19 >3
—4\_,»?6/\00

Intercepts of the functions:

The x- intercepts:
y=—a'+5" -4
x=A

= x=1 x="2
=8 1y=0

the x-intercepts are (1, 0) and 2,0) on [0, +==[

the y—intercept

The y-intercept is (0, —4).
Some other points on the graph are;

x ¥y point

05| —2.8 | (0.5;-—2.8)
15| 22 (1.5;2.2)

25| -11.8 | (2.5;-11.8)




T

¥’ Curve sketching of a rational function

[Example 2

>

o
Investigate fully the graph of function ifR— R: x — f(x) = : % 13 :
Solution

(1) D,=]-o, -1 [U] -1, +eo[
fis neither even, nor odd, nor periodic.

(2) Limits at the end points of the domain.

lim 2x_3:2
S rea x+1

l‘. 2x—3
m = 4oco
x—-1 x+1
lim 2x-3 e
e x+1 —
lim 2x-3

Asymptotes : x=-1 and y = 2.
(3) First derivative information:

f'(x)=(x—fl)z :f'(x) =0, forallx .

il = _Ill 52 f isincreasing forx € ] —eo, —1[\U] -1, +oo[.
+ +
AT =2 . No maximum, no minimum.
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4. Second derivative information:

F®)=-0

" (x+1)

X —0o =Z | +co
il = =
A e— || F T

The graph is concave up if x € ]—==, —1[ and concave down ifx € ]-1, +e=[.
No inflection point.

The first and second derivatives information can be summarised in the table below:

X —0o = +co

Y + [l +

»" + |
S —= 7 N\

5. Intercepts

= Zx = 3 x = é
4 x+ 1 2
x-intercept:
y=0 y=0
The x-intercept is ( %, 0)
_2x-3 — 2%
Y x+1 4
y-intercept
x=0 x=0

The y-intercept is (0, —3).

Some other points on the graph are;

x ¥ point
-3 9 S
2 (33
=3 7 (-2,7)
1 1 1
= (1,—3)
2 1 1
? (zi _)
3 3 3
& 33
- 1 (4,1)
The needed graph is;




v’ Curve sketching of an irrational function

Example
Investigate fully the graph of the function:
fR— R:x*—)f(x):\/m
Solution
L. Domain:D = ] —o0, 1] u[%, + oo
2. Limits at the boundaries of the domain and asymptotes:

lim v4x2—2x—6 =400

X—3—00

lim 4x*-2x-6 -0

x—-1

lim «4x*—2x-6 =0
30
x—)i

im VAC-2%-6 =4
x—» +00
There are two oblique asymptotes:
y= 2x-%(at+oo)
1
andy=-2x+ 5 (at —c0).

3.  First derivative information:
4x -1

@)= e

f’(x)=0<:>x=%

X —o0 -1 ;2"_ o
f(x) | - | |
flx) |+ +00
—=0 o

Function fis increasing if x >% and decreasingifx < — 1.
The graph offis:

Concavedown forx<—1orx> %
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4. Intercepts
the x — intercepts are (-1, 0) and ( %, 0).
No y-intercepts exist.

Some other points are;

x |y point

-3 |6 (-3,6)

2 N1 | (2,14
3 N7 (3N)
4 S0 | (4,/50)

The required graph is;

=

Exercises

Investigate fully each of the following:
L flx)=-2"-3x-2

2. fx)="22

3. fly= =228
4. f(x) =2+l

¥-3x+2
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WWTheoretical learning Activity

v’ Discuss on solving and graphing a function?

N
Practical learning Activity

v

==X+ X
Given the function ) 3 2

(a) State the values of x for which f is increasing

(b) Find the x-coordinate of each extreme point of f.

(c) State the values of x for which the curve of f is concave upwards.
(d) Find the x-coordinate of each point of inflection.

(e) Sketch the general shape of the graph of f indicating the extreme points and points of

inflection.

e . 3
Points to Remember (Take home message)

v" When trying to draw the graph of y = f(x), start by gathering

information about the graph through the following tests:
1. Domain

. Limits at the end points of the domain and asymptotes
. First derivative information

. Second derivative.

. Variation table

. Intercepts

. Supplementary points

. Sketch the curve.

0O ~NOoO Ok WN

Learning outcome 2.4: Formative Assessment

x+ 1
1.Given the function. Determine: R
a) the domain of f
b) the x-intercept(s) and y-intercept(s)
c) all asymptotes to the curve of the function f.
d) the first derivative f'(x) and the second derivative f"'(x)
e) the extrema point(s) (local minimum or local maximum)

f) interval(s) on which f is increasing or decreasing.
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g) inflection point(s)
h) interval(s) of upward or downward concavity.

Learning Unit 3: Apply exponential functions

Structure of the Learning unit :
DURATION : 20HOURS
LEARNING OUTCOMES :
3.1 Determine the domain of exponential function

3.2 Calculate limit of exponential functions

3.3 Solve equations involving exponentials

Learning outcome 3.1: Determine the domain of exponential function

Duration: 3hours

Objectives:
By the end of the learning outcome the learner will be able to:

3 Identify exponential functions,
3 Write exponential functions,
3 Evaluate the domain of definition of exponential functions.

W
Resources

Equipment Tools Materials
Books Blackboard
Handouts Chalk
Marker pen
Flip chart
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Advance preparation:

. Manual

N K

CONTENT

ZRWWW_

3.1.1 Definition:
An exponential function is defined as

follows:
y=Exp(x)=eXo x=Iny

We have that the graph y = exp(z) is one-to-one and continuous with domain (—oc,o0) and range

(0,0¢). Note that exp(z) > 0 for all values of . We see that
exp(0) =1 since Inl1=0

exp(l) =e since Ine=1,

exp(2) =¢* since In(e*) =2,

exp(—7) = e since In(e”") =

In fact for any rational number r, we have

exp(r) =e" since In(e") =rine =1

Existance condition

The function y = 3 x€[-00, +0]

e Boundaries

Here we have two boundaries -co and 4+

* Domain of definition

The domain of definition of the function y = e¥is [-00, +0]

WTheoretical learning Activity

v’ Define exponential function
v" Domain of definition of exponential function
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Practical learning Activity

v’ Find the domain of definition of F(x) = e> + e

all
‘
Points to Remember (Exponential function; Domain of definition ; Derivative; )

B
-]
1

—X._” Learning out come 3.1: formative assessment :

ol

Assessment: 5 Marks
Time : 10 minutes

Evaluate the domain of definition of f(x) = ¢~

Solution:

Here we have two boundaries -co0 and +oo /2Marks

2

The domain of definition of the function f(x) = e is [-00, +0];3Marks

Learning outcome 3.2: Calculate limit of exponential functions

Duration: 4hours

Objectives:
By the end of the learning outcome the learner will be able to:

1.Understand the properties related to finding the limit of exponential functions
2.Understand and combine the properties of limits to simplify and evaluate limit
of exponential functions

3.Finding limits by direct substitution of exponential functions.

.-' .4
“Resources

Equipment Tools Materials

62



Books
Handouts

Blackboard
Chalk
Marker pen
Flip chart

v
Advance preparation:

. Manual

3.2.1 limit of exponential functions

Finite limit

. . . . T
Example Find the limit lim, . 55—

6.1?

lim

. A
and lim, .o 55—-

lim, . €” 0

z——oo 10e* — 1

. e
lim

lim, ,_(10e)—1 0-1

lim,_,o €* 1 1

z—0 10e* — 1

* Limits at infinity

lim e =0, lim e* = oo.

I——0CC * I—00

+ Deduction/ calculation of asymptotes

As lim e*=0,

X >—00

HA=Y=0

‘%f'%’E
%Theoretical learning Activity

~ lim, o(10e7) —1 10—1 9

v’ Definition of limits exponential limits
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Practical learning Activity

v" Find the lim e2* 4ex

X >—00

Points to Remember (Finite limit , Limits at infinity )
)
&
&

—*_ Learning out come 3.2: formative assessment

ol

Assessment: 5 Marks
Time : 10 minutes

Evaluate the following limits

lim e?* +ex

SOLUTION:
we know e~ =0 2Marks
then 3Marks

lim e?* + e*=e 2° + e > =0

X >—00

Learning outcome 3.3: Solve equations involving exponentials equestions

Duration: 4hours

By the end of the learning outcome the learner will be able to:

1.Use the rules of exponents to solve exponential equations where the variable
appears as part of the exponent.
2.1dentify the rules of exponents(product, quotient, power, product of power/quotient)

3.Solve exponential equations using logarithms.

1-' .
WResources

Equipment Tools Materials
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Books Blackboard
Handouts Chalk
Marker pen
Flip chart
9 .
Advance preparation:

COMTENT i R T W, N
AN

3.3.1 Exponentials equestions

Properties of exponentials

Y —igfgl, V=

ey’

(e7)! =™,

Domain of validity

The domain of validity of an exponential equation is the condition for which the equation has

Solving equations involving exponentials

Examples

Solve the following equation

e +e' -12=0

Solution:

roots.
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Step 1: In this problem our equation, ™ + ¢* — 12 = (), is quadratic. We
can isolate the exponential term by factoring.

e +e"—12=0

(e" )2 +e"=12=0 Law of Exponents
(e’ +4)(e" —3) =0 Factor (a quadratic in )
e"+4=0 or e -3=0 Zero-Product Property
e'=—4 e =3

Step 2: Since we now have two equations, we have a possibility of two
solutions. We should perform the rest of our steps on each
equation. Notice though that ¢* = — 4 has no solution because
¢" > 0 for all x, so we can discard this equation. Now we will
take the natural logarithm of both sides of " = 3, and use the
Laws of Logarithms to “bring down the exponent.”

e'=3
Ine* =In3 Take the logarithm of each side
xlne=In3 Bring down the exponent

Step 3: Now we solve for the variable.

xlne=In3
x=In3 Ine=1
x~1.0986 Use a calculator

Step 4: Check the answer by substituting x = 1.0980 into the original
equation and using a calculator. We get

2 H986) o 10986 _ 19 < 0 v

¢ Set of solutions

In the example above the set of solution is S= [In 3]

25E
%Theoretical learning Activity

v’ Step of solving exponential function
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‘@?
Practical learning Activity

v' Solve: e2* +ex-6=0

. Points to Remember:

(Domain of definition of exponential function; Equation of exponential function,

propeties of exponentials)

Learning outcome 3.4: Differentiate exponential functions

Duration: 4hours

By the end of the learning outcome the learner will be able to:

1.Differentiate exponential functions where the base is Euler’s number.

2.Differentiate exponential functions where the base is a constant.

3.Differentiate exponential functions with linear exponents.

4.Differentiate exponential functions with quadratic exponents.

5.Evaluate the differential of an exponential function at a given point

1-' .
WResources

Equipment Tools Materials
Books Blackboard
Handouts Chalk
Marker pen
Flip chart

v
Advance preparation:

. Manual
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3.4.1 Differentiation

Derivatives
d €T T d 3 :
TN —e9®) = g/ (x)e?™)
dxr dxr g( )

Examples

Find the derivative of each of the following

@e™ (i) e™ (i) ¢ 2

Soution : (i) Let y=¢%.

Then y=ec! where Sx=t
dy dt
dt and 3=

We know that, ﬂ:ﬂ.ﬁzet,ﬁ-:se.‘x
dx dt dx

Alternatively i(eSx)zeSX -i(Sx)z Sx 5 —5e5%
dx ‘



(1) Let y=e"

Then y=¢' when t=ax
dy dt
it and o
dy dy dt
—_——— X — =
We know that, & X o
ThllS, ﬂ =a- eax
dx
(1) Let y=e 2

—X -
d_y: 2 .i(_3>(\|
dt dx{ 2 )
. -3x
Thus, d—y=_—3e2

¢ |ncreasing and decreasing intervals

The graph of the function y = eXis increasing for all real numbers

* Concavity
The graph of the exponential function is concave up

2=z

FmTheoretical learning Activity

v" Increase and decrease interval
v' Differentiation.
v' Direction of the concavity

@
Practical learning Activity

v’ Evaluate the following function f(x) = e* +e~
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Points to Remember:

(Differentiation of exponential function; increasing and decreasing interval of
exponential functions, concavity of exponential function)

Learning outcome 3.5: Sketch the curve of exponential functions

Duration: 5hours

By the end of the learning outcome the learner will be able to:

1.Sketch the graph of an exponential function,

2.ldentify the domain and range of an exponential function using its graph,

3.Find where a given exponential graph intersects the axes,

4.Find a missing value in an exponential equation given a point it passes through.

1-' 'y
“Resou rces

Equipment Tools Materials
Books Blackboard
Handouts Chalk
Marker pen
Flip chart

&
Advance preparation:

. Manual

N

CONTENT B R I

ZARAN

3.5.1 curve sketching

+ Parameters required

v" Variation table



Additional points

ex |1.65/e (4574 12 | 20

*  Curve sketching

The following is the graphical representation of the
function y = e¥

i i i i i i i |
= 4 3 2 B o ] 2 ] i

Example of curve sketching containing exponential
function. Examplel
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Given the numerical function
f(x)=xe'™ find:
(a) the domain;
(b) the limits at the boundaries of the domain
(c) the asymptotes
(d) the first and second derivatives and their signs and the conclusion about

intervals where f is increasing, decreasing, concave up, concave down,
statitionary points and their nature, inflection points.

(e) the graph
Solution
(a) Domain; Df = ]-0, +o0]

(b) Limits at the boundaries of the domain

. lim xe'*=-o;

X—>+0

: . = ; X ;

g lim xel!*= Ilim = lim 1-1 =0
X—>+0 X—>+0 x—>+on €

(¢) Horizontal asymptote: y =0
(d) F(x)=e>-xe!
=(1-x)e!™*
f'(x)=0x=1

X S | +0

f'(x) + ) - - -
/?1 —

f(x) - 0
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fis increasing on ] -0, 1],
fis decreasing on |1, + o[
Maximum point M (1, 1).

f'(x) =—e=—(1-x) e
=(x-2)e™>
(x)=0>x=2

¢ | -0 2 400
f"x) |----0 + + +

-~ X\
f(x) —~—

The curve is:

Concave down ifx € ] -0, 2]

Concave up if x € ]2, +o0[

The curve has inflection point I (2, %

(e) Graph

)

Fig 2.7
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‘%fl%g‘
R Theoretical learning Activity

v’ Step of sketching exponential function

‘@(?
Practical learning Activity

v' Sketch the following function f(x) = e**

Points to Remember (Parametrics required for sketching exponential functions, and it’s
Sketching)

EI,"E% e N S St N S
AN

Learning out come 3.5: formative assessment
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Learning Unit 4: Apply natural logarithmic functions

A
¥
4
r= In(x)
3 }
2
) /
X
-y -
Dy 1 2 3 4 5 8B
-1
.2
|
=3
¥
Y

Structure of learning unit

Duration: 19hours

Learning outcomes:
4.1 Determine the domain of definition of natural logarithmic
functions
4.2 Calculate limits of natural logarithmic functions
4.3 Solve equations involving logarithms
4.4 Differentiate natural logarithmic functions
4.5 Sketch the curve of logarithmic function

Learning outcome 4.1: Determine the domain of definition of natural logarithmic
functions
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Duration: 5hours

By the end of the learning outcome the learner will be able to:

1.ldentify logarithmic functions,
2.Write logarithmic functions.
3.Evaluate the domain of definition of logarithmic functions.

.-' =4
“Resou rces

Equipment Tools Materials
Books Blackboard
Handouts Chalk
Marker pen
Flip chart

LA

Advance preparation:

. Manual

N

CONTENT i R R T e S
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4.1.1 Definition

The natural logarithm, also called neperian logarithm, is noted In. The domain is D=] O, +o= [because

In(x) exists if and only if x>0. The range is I=R=] —oo, +oo [because In is strictly increasing.

v' Existence conditions

The function y=In x exists if and only if x >0

v" Boundaries
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In the case of our function y=In x, we have two boundaries which are 0*and+oo

v" Domain of definition

The domain of our function y=In x is D=] 0, +o°

o]
%Theoretical learning Activity

v' Domain of definition of natural logarithm

v’ Existence condition.

‘@}?
Practical learning Activity

v’ Evaluate the domain of definition of f(x) = n2x + 2

Points to Remember :(Domain of definition of logarithmic function, Existence condition )

}HTEI{ B s I W

AN

il

—E=*_"Learning out come 4.1: formative assessment
Assessment: 5 Marks

Time : 10 minutes

Evaluate the domain of our function y=In2x

SOLUTION:

In the case of our function y=In2x, we have two boundaries which are 0*and+c
The domain of our function y=In 2x is Dmf=] 0, +oo[

Learning outcome 4.2: Calculate limits of natural logarithmic functions

Duration: 5hours
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By the end of the learning outcome the learner will be able to:

1.Understand the properties related to finding the limit of logarithmic functions
2.Understand and combine the properties of limits to simplify and evaluate
limit of logarithmic functions.

3.Finding limits by direct substitution of logarithmic functions.

.-' 'y
“Resources

Equipment Tools Materials
Books Blackboard
Handouts Chalk
Marker pen
Flip chart

&
Advance preparation:

. Manual
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4.2.2 Properties of logarithms

Properties of Logarithms (Recall that logs are only defined for positive values of x.)

For the natural logarithm For logarithms base a

lL.Inzy=Inr+Iny L. log, ry = log, r +log, y

Z1n & s Inr—Iny 2. log, = log, r —log, y
Yy Y

3 InzY =y -Inzx 3. log, ¥ =y log, x

4. Ing*'=zx 4. log, a" =x

5 ™ =g 5 d™«* =g

Useful Identities for Logarithms

For the natural logarithm  For logarithms base a
1:mg=1 L. log,a=1, for all a >0
22In1=10 2 log,1=0 forall a> 0

> Finite limits

Evaluate:
a. lim (In x-3)
x -2

b. lim (In x-1)
x -2
SOLUTIONN

a. lim (In x-3) =In2-3
x -2

b. lin} (In x-1) =In1-1=0-1=-1
X —
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» Limits at infinity

The log function Inx has range (—oo.oc) and

lm Inx = —oc. Im Inx = oc.

r—0T X
Inx
lim — =0 for anyr > (.
r—oc IT
Inz grows slower than any positive power as x — oc.

Deduction asymptotes
As:

lim Inr = —oc.
r—0t

The line x=0 is the vertical asymptote

mTheoretical learning Activity

v’ Limit of natural logarithm.
v’ Existence condition.

‘@f}!
Practical learning Activity

v’ Evaluate the following limit lin; (In 6x -3)
Pl

Points to Remember (Finity and Limits at infinity of logarithmics functions )

B
&
&
—E=*_~ Learning out come 4.2: formative assessment

Assessment: 5 Marks

ol

Time : 10 minutes

Evaluate the following limits

a. lini (In3x-3) /2.5Marks
X —

b. lin; (In 10x -1) / 2.5Marks
X -

Solution:
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a'lin} (In3x -3) =In12-3

X

b.lin; (In10x-1) =In10-1
X >

/2.5Marks
/2.5Marks

Learning outcome 4.3: Solve equations involving logarithms

Duration: 5hours

By the end of the learning outcome the learner will be able to:

1.Use the rules of logarithms to solve logarithmic equations where the variable appears

as part of the logarithm.
2.1dentify the rules of logarithmic.
2. Solve logarithmic equations.

.-' s
WResou rces

Equipment Tools Materials
Books Blackboard
Handouts Chalk
Marker pen
Flip chart

&
Advance preparation:

N

CONTENT e ™ e S S S

AN

4.3.1 Logarithmic equation
Domain of validity

The domain of validity of a logarithmic equation is the condition for which the equation has roots.

» Solving logarithmic equations

Steps for solving logarithmic Equations
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Step 1: Determine if the problem contains only logarithms. If so, go to step 2. If not, stop and use the
steps for solving logarithmic equations containing terms without logarithms

Step 2: Use the Properties of logarithms to simplify the problem if needed. If the problem can be
simplified

Step 3: Rewrite the problem without the logarithms.

Step 4: simplify the

problem.

Step 5: solve for x.

Step 6: Check your answer(s). Remember we cannot take logarithm of a negative number, so we need
to make sure that when we plug our answer(s) back into the original equation we get a positive
number.

Otherwise, we must drop that answer

Examples:
Solve the following
equation

01.In(x+2)-In(4x+3)=
in(3)
n(55) = Q)

x+2 _1
4x+3 «x

x(x+2) = 4x+3
X2+ 2x=4x+ 3
x?-2x-3=0

We get two values of x which are 3 and -1.

The only true solution is (3)
v Set of solutions

The set of solutions is the set of all roots satisfying the equation. In the example above (3) is the
set of solutions.

%f[%
%Theoretical learning Activity

v’ Step of solving logarithmic function
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Sﬁf}:}!
Practical learning Activity

v’ Solve the following: In(x+2)+In(x+3)= In(2x — 12)

il
‘
Points to Remember (Domain of definition of logarithmic function;

existence condition; solving logarithmic function)

ﬂ =

7 :® Learning out come 4.3: formative assessment
Assessment: 5 Marks

Time : 10 minutes

Solve log, x +1log,(x — 1) = log,(1 —x)

Solution:

Log2 x(x-1) =logz (1-x), /AMARK

x(x-1) =1-x, /1MARK
x2 —x =1-x, /1MARK
X2 —x+x=1, /1MARK
x2=1

X=11 it means x1-1,x2 =1 /IMARK

Learning outcome 4.4: Differentiate natural logarithmic functions

Duration: 2hours

By the end of the learning outcome the learner will be able to:

1.Differentiate logarithmic functions.
2.Differentiate logarithmic functions.
3.Evaluate the differential of logarithmic function at a given point.
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WResou rces

Equipment Tools Materials
Books Blackboard
Handouts Chalk
Marker pen
Flip chart

,;‘o
Advance preparation:

. Manual
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4.4.1 Differentiation

General rule

—( f(z)) = ——

d f'(x)
dr flx) .

Examplel

Given the numerical function:
f(x)=ln (x+~V1T+x )
find £ (v2)




LSqution

X
J 2 1+ ——
f( ) (w-\ +x2)’ = T
X+ T+x e
X+y1l+x°
= X+l +x° |
x+VI+x 1+ VIHX
) ===
(\' )—\,'1+2 —\,‘-) =
e 2
Exercises
Findy' if
1+x
a =In
@ y=in (1)

lnx 2

(b) ‘f(x) Inx-1

¢ |ncreasing and decreasing intervals

The graph of the y=In x is increasing, continuous and concave down on the interval (0,00)

Concavity

As it is mentioned above the function y= In x is concave down

ﬂrgRTheoreticaI learning Activity

v’ Differentiation of logarithmic function.
v Decreasing and increasing interval.

sﬁt}?
Practical learning Activity

v" Evaluate the derivative of f(x)=In(x+2)
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*
Points to Remember (Derivative of logarithmic function; existence condition,

Concavity of logarithmic functions, Increasing and decreasing of logarithmic function)

)
—*.* Learning out come 4.4: formative assessment

Assessment: 5 Marks
Time : 10 minutes

Differentiate the following function :
F(x)=1n (x—20)
_ (x—20)' __1

SOlu'tion:(ll’l (x — 20))’ = 20~ x-20 /5Marks

Learning outcome 4.5: Sketch the curve of logarithmic function



Duration: 5hours

By the end of the learning outcome the learner will be able to:

1.Evaluate and graph logarithmic functions with different bases,

2.Solving logarithmic equations graphically.

3.Recognize the features and characteristics of logarithmic functions
(increasing, decreasing, asymptotes, etc.).

.-' o
WResources

Equipment Tools Materials
Books Blackboard
Handouts Chalk
Marker pen
Flip chart
Y-
Advance preparation:
. Manual

N
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4.5.1 curve sketching

Parameters required for the function y=In x

87



X — 4o = Inx — +oo
x—>0=Inx— —o
x=]1=5Inx=0
x=e= Inx=1

1
fAx)=—>0

X

v" Variation table

X 0 1 + oo
f'(x) +
+ oo
f(x) /

X -2 -1.5 -1 -0.5 { 0.5 | 1.5 2 2,5 3

i x | 07| o | o407 ] 00| 11

*  Curve sketching

From the information we already have about the logarithmic function y= In x

We now have enough qualitative information to sketch a graph of y = Inz.

37

(8%

Solved example



1+ Inx

Given the numerical function f (x) =
-1 +Inx

find,
(a) the domain

(b) the limits at the boundaries of the domain;

(c) the asymptotes

(d) the first and second derivatives, study their signs and draw conclusion about
intervals where fis increasing, decreasing, concave up, concave down, stationary
points and their nature, inflection point.

(e) the graph
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Solution

(a) Domain; Df={x €R;x>0,Inx- 10}
=10, e[w] e, +o0]

Limits at the boundaries of the domain:

(b)

Inx+1
Inx-1

* lim
x—0

5 IV -\
= —:indetermine form
oD

lim
x—0

Inx+1 _
Inx=1

lim (Inx+1)"_ lim
x—0 (lnx-1)" x>0

Inx+1
Inx-1 A

% lim
X—>e

Inx+1
Inx-1

* lim
X—e

=40

* llm ].D.X+1
x—>+»n hx-1

=1

Asymptotes:

* Vertical asymptote; x=e

i

Derivatives:

. =2
= x(Inx-1)?

(d)

X 0 ¢

>4|.—|><|v—

=1

Horizontal asymptote y = 1

i

i | - . . -

x(Inx-1)% || - 0 “

f'x)
f(x) |
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Function fis decreasing on interval ]0, e[ U] e, +o0[

No stationary point
- 2(Inx+1)
£ (x) = (lnx1)3
x 0 1 e +0o0
e
2(lmx+1) [|| - - -0 + + + + + +
(-1 ||| - - - - - - 0+ + + +
RO R
f(x) [SE i N |
The graph of fis

Concave up ifx € 0, 1 [U]e, +0[

Concave down ifx € ]3, e[

The graph has an inflection point at1 (1, 0)
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(e) Graph

———— e - ——————— -

.-

g
gQTheoretical learning Activity

v" Graph of logarithmic function

v’ Step of sketching logarithmic function.

@
Practical learning Activity

v" Sketch the following functionf (x) = In(x + 2)

Points to Remember (Sketching logarithmic function; existence condition;

supplementary points )

e e e e e s
1
1
1
I
1
1
I
1
1
|
I
|
I
I
1
I
1
I
1
I
1
|
I
I
<
[l
[u—
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e Learning out come 4.5: formative assessment:

Assessment: 5 Marks

Time : 10 minutes

Sketch the following functionf (x) = In(2x + 1)
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