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Introduction 

This general module describes the knowledge, skills and attitude required to apply basic 

mathematical analysis. The ability to do basic mathematical analysis is absolutely vital to 

successfully passing any field. At the end of this module, the trainee of Level Four will be able 

to solve algebraically and graphically linear or quadratic equations and inequalities. He/she 

will also be able to determine analyse algebraic functions, and to apply fundamentals of 

differentiation. As Algebra and fundamentals of differentiation are tools of different field. 
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Therefore, this module will be useful to trainees as a means of analysis and improving their 

understanding of Mathematics and he/she will be prepared to perform well in any fields that 

require some knowledge of mathematics especially algebra and fundamentals of differentiation 

as well as working in daily mathematical logic and problem solving, financial and economics 

in hospitality sector for an effective performance in critical thinking, and so on. 
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Module Code and Title: 

 GENAM401: FUNDAMENTAL MATHEMATICAL ANALYSIS 

 

 
  

Learning Units: 

1. Determine and analyses numerical function 

2. Apply fundamentals of differentiation 

3. Apply exponential functions 

4. Apply natural logarithmic functions  

 

2 

3 

n 
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Learning Unit 1: Determine and analyze numerical functions 

   

 

 

 

 

 

 

 

                                              

STRUCTURE OF LEARNING UNIT        

Learning outcomes: 

1.1. Determine the domain and range of algebraic function. 

1.2. Identify the symmetry of algebraic function. 

1.3. Determine limits of a function. 

1.4. Determine the asymptotes to the rational and polynomial functions. 
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Learning outcome 1.1. Determine the domain and range of algebraic function. 

 

Duration: 5 hrs 

Learning outcome 1.1 Objectives:   

By the end of the learning outcome, the trainees will be able to: 

1. Define correctly the terms: “Domain and Range” of a function as applied in basic mathematical 

analysis.  

2. Describe clearly how to determine the domain of a function as applied in basic mathematical 

analysis. 

3. Describe clearly how to determine the range of a function as applied in basic mathematical 

analysis. 

Resources 

Equipment  Tools Materials  

Reference books 

Internet 

Didactic materials such 

as manila paper 

Geometric instruments (Ruler, T-

square) 

Handouts on worked examples 

Advance preparation: 

. Refer to manual discussing on algebraic function 

 

 

 1.1.1 : Definitions of terminologies  

 

• Definitions: 

      ✓ Existence condition 

     ✓ Domain of definition of a function 

     ✓ Range of a function 

numerical  function: For any two subsets 𝐴 and 𝐵 of the real line, numerical function is a rule that 

assigns exactly one element 𝑦 in set B to each element 𝑥 in set A. 
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The domain of a numerical function f 

 

Is the largest set of real numbers for which the function is defined? We write 𝐷𝑓 

 

Range of a function 

 

 

Theoretical learning Activity  

✓ Discuss on how to find the domain and range of algebraic function? 

Practical learning Activity  

✓ By using symbols, describe how to apply the domain and range of algebraic 

function? 

Points to Remember (Take home message) 

 

 

 

 

 

1. The rational and irrational numbers together make up the set of real numbers denoted by 

ℝ. The sets ℕ, ℤ and ℚ are all subsets of . 

2. A rational number is one which can be expressed in the form 
𝐪

𝐩
 where p and q are integers 

and q ≠ 0. 

3. If a and b are any two real numbers, then either a < b or b < a or a = b. 
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1.1.2. Determination of Range and Domain of functions 

• Calculations 

✓ Domain of definition of a function 

✓ Range of a function 

 

 

 

 

Examples: 

Determine the domain of each of the following numerical functions: 

a) f(x) = 
𝑥+1

2𝑥 − 4
 

b)  

c)  
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Solutions 

 

 

 

 

Examples 

Find the domain of each of the following numerical functions: 
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Examples for finding the range of functions: 

(a) f(x) = x. The domain is ℝ i.e. all numbers and the range is also ℝ. 

(b) f(x) = x2. The domain is once again ℝ, but the range is all positive numbers as x2 ≥ 0              i.e.[ 

0,∞] . 

(c) g(x) = sin (x).  The domain is ℝ, but the range is given by [-1, 1] as -1 ≤ sin (x) ≤ 1.  

(d) h(t) = √𝑡 . Remember that this is the positive square root. The domain is [0,∞] as is the range. 

 

Exercises 

Find the ranges of the following functions: 

1. f(x) = 3 – 2x 

2. f(x) = 3x2 - 2 

Solutions: 

(a) f(x) = 3 – 2x. the domain is ℝ. 

To find the range, let f be a value in the range then 

                          3 – 2x = f   

                                   x = (3 – f) / 2.  

This shows than no matter what value f we choose we can find x such that f(x) = f, 

hence the range is also ℝ.  

(b) f(x) = 3x2 – 2. The domain is once again ℝ, but the range is all f ≥ -2 as given f ≥ -2 

then f = 3x2 – 2  x = √𝑓 + 2/3   gives f(x) = f  i.e. the range is [ -2 , ∞) . 

Theoretical learning Activity  

✓ Distinguish range and domain accordingly? 

Practical learning Activity  

✓ Determine the domain and range of the given function:   y = − √2𝑥 + 3  
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Points to Remember (Take home message) 

 

 

 

 

    Learning outcome 1.1: formative assessment 

                    Determine the domain and range of the given function:   y = 
𝑥2+𝑥−2

𝑥2− 𝑥− 2
   

Learning outcome 1.2. Identify the symmetry of algebraic function. 

 

Duration: 5 hrs 

Learning outcome 1.2 Objectives:   

By the end of the learning outcome, the trainees will be able to: 

1. Define correctly the terms: “Even function and Odd function” as applied in basic 

mathematical analysis.  

2. Describe clearly how to identify a function as Even as applied in basic mathematical 

analysis. 

3. Describe clearly how to identify a function as Odd as applied in basic mathematical 

analysis. 

Resources 

Equipment  Tools Materials  

Reference books 

Internet 

Didactic materials such 

as manila paper 

Handouts on worked 

examples 

Advance preparation: 

. Refer to manual discussing on how to identify symmetry of algebraic function. 

 

✓ Domain of a function is the set of all real numbers for which the expression of the 

function is defined as a real number. 

✓ Let f: A → B be a function. The range of f, denoted by Im(f) is the image of A under f, 

that is, Im (f) = f [A]. The range consists of all possible values the function f can have. 
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 1.2.1: Definition of terminologies 

• Definitions: 

            ✓ Even function 

           ✓ Odd function 

Let f be an algebraic function whose domain is Df. 

 

 Theoretical learning Activity  

✓ Differentiate the even from odd function?  

Practical learning Activity  

✓ State whether the following function is even or odd:  f(x) = x2 – 1 

Points to Remember (Take home message) 

 

 

 

 

1.2.2: Identification of functions 

• Even function 

• Odd function 

Examples 

1. Determine whether f is odd or even in each of the following cases: 

           a)   f(x) = 2x2 + 1 

           b)   f(x) = cos x 

           c)   f(x) x3 + 2x 

           d)   f(x) = sin x 

✓ Let f be a function of in we say that f is even if ∀ x ∈ Dom (f), (–x) ∈ Dom(f);            

f(–x) = f(x) 

✓ We say that a function f is odd if ∀x ∈ Dom (f), (–x) ∈Dom(f); f(–x) = –f(x) 

✓  
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 Theoretical learning Activity  

✓ What do you understand by even and odd functions? 

Practical learning Activity  

State whether the following function is even or odd:  

Points to Remember (Take home message) 

 

 

 

 

 

 

➢ f: ℝ→ℝ: x → f(x) = x2 is an even function because f(–x) = (–x)2 = x2 = f(x) 

➢ f: ℝ→ℝ: x → f(x) = x3 is odd function because f(–x) = (–x)3 = –x3 = –f(x) 
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    Learning outcome 1.2: Formative Assessment 

Practical assessment 

✓ Task to be performed: 

State whether the following function is even or odd:  

 

Learning outcome 1.3. Determine limits of a function. 

Duration: 10 hrs 

Learning outcome 2.3 Objectives:   

By the end of the learning outcome, the trainees will be able to: 

1. Describe clearly how to determine the limits of functions as applied in basic 

mathematical analysis. 

2. Describe correctly how to remove indeterminate cases as applied in basic mathematical 

analysis. 

Resources 

Equipment  Tools Materials  

Reference Books 

Internet 

Didactic materials such 

as manila paper 

Hand-out notes 

Advance preparation: 

. Refer to manual discussing on how to determine the limits of a function. 

 

 

 1.3.1: Determination of function limits 

Introduction 

Consider the functions f(x) = 
𝑥2− 4

𝑥 − 1
 and g(x) = 

𝑥2−5

𝑥 −2
  .    Notice that both functions are undefined at x = 

2. But the two functions have quite different beahaviours in the vicinity of x = 2.  
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From numerical approach, for f(x) = 
𝑥2− 4

𝑥 − 1
   , we have : 

1.  

X f(x) 

1.9 3.9 

1.99 3.99 

1.999 3.999 

1.9999 3.9999 

  

2.  

X f(x) 

2.1 4.1 

2.01 4.01 

2.001 4.001 

2.0001 4.0001 

 

Notice that as you move down the first column of the table, the x – values get closer to 2, but are all 

less than 2. We use the notation x → 2- to indicate that x approaches 2 from the left side. f(x) is 

getting closer and closer to 4. In view of this, we say that the limit of f(x) as x approaches 2 from the 

left is 4, written lim
𝑥→2−

𝑓(𝑥) = 4.  

The second table suggests that as x gets closer and closer to 2 (with x > 2), f(x) is getting closer and 

closer to 4.  

In view of this, we say that the limit of f(x) at x approaches 2 from the right is 4, written 

lim
𝑥→2+

𝑓(𝑥) = 4-. 

We call lim
𝑥→2−

𝑓(𝑥) and lim
𝑥→2+

𝑓(𝑥)  one sided limits of f(x), if they are the same, then we summarize 

the results by saying that limit of f(x) as x approaches 2 is 4, written  lim
𝑥→2

𝑓(𝑥) = 4. 

 

In general if 

 

If 

 

Operations on limits 
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• Finite limits 

Examples 
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Exercises 

 

•  Infinite limits 

 

Is called an infinite limit. 

Examples 

 

Solution 
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• Limits at infinity 

 
Example1 

 

Example2 
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Theoretical learning Activity  

✓ Discuss on how to find the limit of a function? 

Practical learning Activity  

✓ Evaluate the following limits:  

Points to Remember (Take home message) 

 

 

 

 

 

 

 

 

 

1.3.2 : Remove of indeterminate cases 

• Indeterminate cases 

✓ Indeterminate form 
0

0
 

 

Examples 

✓ 1. A neighbourhood of a real number is any interval that contains a real number a and 

some point below and above it. 

2. If x is taking values sufficiently close to and greater than a, then we say that x 

tends to a from above and the limiting value is then what we call the right-sided limit. It 

is written as  

3. If x is taking values sufficiently close to and less than a, then we say that x 

tends to a from below and the limiting value is then what we call the left-sided limit. It is 

written as  

4. If the f(x) tends closer to a value L as x approaches the value a from either 

side, then L is the limit of f(x) as x approaches . We use the following notation: 
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✓ Indeterminate form  −  
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Example 

 

 

✓ Indeterminate form 
∞

∞
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Theoretical learning Activity  

✓ Discuss on what do you understand by “indefinite forms” 

Practical learning Activity  

✓ Evaluate the limit:  

Points to Remember (Take home message)  

 

 

 

 

 

 

 

      Learning outcome 1.3: Formative Assessment 

Practical assessment 

✓ Task to be performed: 

Find the following limits, if they exist. 

                       3.  

 

Learning outcome 1.4. Determine the asymptotes to the rational and polynomial 

functions. 

Duration: 10 hrs 

Suppose that f(x) → 0 and g(x) as x → a. Then the limit of the quotient 
f(x)

g(x)
 

as x → a is said to give an indeterminate form, sometimes denoted by 00 . It 

may be that the limit of  
f(x)

g(x)
   can be found by some methods such as factor 

method, rationalisation method, l’Hôspital’s rule, etc... 

Similarly, if f(x)→ ∞ and g(x) → ∞ as x → a , then the limit of  
f(x)

g(x)
  gives 

an indeterminate form, denoted by 
∞

∞
.  Also, if f(x) → 0 and g(x) → ∞ as x 

→ a, then the limit of the product f(x)g(x) gives an indeterminate  

form 0 x ∞. 
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Learning outcome 2.4.  Objectives:   

By the end of the learning outcome, the trainees will be able to: 

1. Discuss clearly on the definitions of different types of asymptotes as applied in basic 

mathematical analysis. 

2. Describe appropriately how to determine different types of asymptotes of a function as 

applied in basic mathematical analysis. 

Resources 

Equipment  Tools Materials  

Reference books 

Internet 

Didactic materials such 

as manila paper 

Geometric instruments  

(Ruler, T-square) 

Handouts on worked 

examples 

Advance preparation: 

. Refer to manual discussing on how to determine the asymptotes to the 

rational and polynomial functions. 

 

 

 1.4.1: Definitions of asymptotes 

• Definitions 

 

✓ Boundaries of domain of definition 

✓ Vertical asymptotes 
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✓ Horizontal asymptotes 

 

 

✓ Oblic asymptotes 



25 
 

 

 

Theoretical learning Activity  

✓ Describe the types of asymptotes? 

Practical learning Activity  

✓ What is an asymptote? Carry out research and find out the meaning. Also, find out the 

types of asymptotes. 

Points to Remember (Take home message) 

 

 

 

 

 

1.4.2 : Determination of asymptotes 

• Calculations 

✓  Vertical asymptote 

✓  Horizontal asymptote 

A line L is an asymptote to a curve if the distance from a point P of the curve 

to the line L tends to zero as P tends to infinity along some unbounded 

part of the curve. We have three kinds of asymptotes: vertical asymptote, 

horizontal asymptote and oblique asymptote 
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✓  Oblique asymptote 

Example 1: 

Find the vertical asymptotes of function f(x) = 
𝑥3

1− 𝑥2 and the position of the graph with respect to 

the vertical asymptotes. 

Solution 

Vertical asymptotes: x = -1 and x = 1.  

To determine the position of the curve with respect to the vertical asymptotes, we consider the sign 

of f(x) in the vicinity of x = -1 and x = 1. 

 

lim
𝑥 →−1−

𝑓(𝑥) =  +∞  ; lim
𝑥 →−1+

𝑓(𝑥) =  −∞  ; lim
𝑥 →1−

𝑓(𝑥) =  +∞  ; lim
𝑥 →1+

𝑓(𝑥) =  −∞  .  

 

Example 2: 

Find the equations of vertical and horizontal asymptotes of function f(x) = 
𝑥2 + 3𝑥

4− 𝑥2   

Solution 

Vertical asymptotes: x = -2 and x = 2 

 

𝐥𝐢𝐦
𝒙 → −𝟐−

𝒇(𝒙) =  +∞ ; 

𝐥𝐢𝐦
𝒙 → −𝟐+

𝒇(𝒙) =  −∞ ; 

𝐥𝐢𝐦
𝒙 → 𝟐−

𝒇(𝒙) =  +∞ ; 

𝐥𝐢𝐦
𝒙 → 𝟐+

𝒇(𝒙) =  ∞ . 
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Horizontal asymptote: 

y = -1 ( lim
𝑥 → ∞

𝑓(𝑥) =  −1 ) 

Example 3: 

Find the asymptotes of the function  f(x) = 
𝑥2−𝑥−2

𝑥−2
 

Solution 

Let y = mx + p be the equation of oblique asymptote: 

 

Practice: 

 

 

Find the vertical and horizontal asymptotes of the following functions: 

(a) f(x) = 
𝑥2−𝑥−6

𝑥2−𝑥−20
 

(b) g(x) = 
𝑥+1

( 𝑥+3)(𝑥+5)
               (c) h(x) = 

(𝑥+1 )2

𝑥2+ 4𝑥+3
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Theoretical learning Activity  

✓ Describe the types of asymptotes? 

Practical learning Activity  

✓ Graph the following and find its asymptotes  y = 
𝑥2−𝑥−2

𝑥−2
  

Points to Remember (Take home message) 

 

 

 

 

 

 

    Learning outcome 1.4: Formative Assessment 

1. Find the asymptotes of  
(𝑥2−3𝑥)

(2𝑥−2)
 and sketch the graph. 

 

2. Graph the following and find their asymptotes.  

 

1.  y = 
𝑥+2

𝑥2 +1
                2.  y = 

𝑥3−8

𝑥2+5𝑥+ 6
 

                         

 

 

 

 

 

An asymptote can be in a negative direction, the curve can approach from any 

side (such as from above or below for a horizontal asymptote), or may actually cross over 

(possibly many times), and even move away and back again. 

The important point is that: 

The distance between the curve and the asymptote tends to zero as they head 

to infinity (or - infinity) 

✓  
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Learning Unit 2: Apply fundamentals of differentiation 

   

 

                                              

STRUCTURE OF LEARNING UNIT        

Learning outcomes: 

2.1. Determine derivative of a function. 

2.2. Interpret derivative of a function. 

2.3. Apply derivative. 

2.4. Sketch graph of a function. 

 

                  Learning outcome 2.1. Determine derivative of a function. 

 

Duration: 5 hrs 
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Learning outcome 2.1. Objectives:   

By the end of the learning outcome, the trainees will be able to: 

1. Define correctly the term: “Derivative” of a function as applied in basic mathematical analysis.  

2. Describe clearly how to determine the derivatives of different types of functions as applied in basic 

mathematical analysis. 

Resources 

Equipment  Tools Materials  

Reference books 

Internet 

Didactic materials such 

as manila paper 

Geometric instruments (Ruler, T-

square) 

Handouts on worked examples 

Advance preparation: 

. Refer to manual describing fundamentals of differentiation 

 

 

 2.1.1: Definition of derivative  

 

• Definition of derivative 

The derivative of f(x) is the function f '(x) given by f '(x) = lim
ℎ →0

𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
 ,   provided the limit 

exists. 

The process of computing a derivative is called differentiation. 

Further, f is differentiable on interval l if f is differentiable at every point in l.   
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Theoretical learning Activity  

✓ Find out the meaning of the term derivative in mathematics? 

Practical learning Activity  

✓ What is the derivative of f(x) = 2𝑥 − 5  

Points to Remember (Take home message) 

 

 

 

 

2.1.2. Determination of derivatives 

• Calculation of derivatives   

✓ Derivative of function at a given point 

 

1. Calculate the derivative of f(x) = 3x2 + 2x -1  at x = 1. 

Solution 

We have: f ' (1) = lim
ℎ →0

𝑓(1+ℎ)−𝑓(1)

ℎ
   

                    = lim
ℎ →0

[3 (1+ℎ)2+2 (1+ℎ)−1]−4

ℎ
 

                     = lim
ℎ →0

3ℎ2+8ℎ

ℎ
 

                     = lim
ℎ →0

(3ℎ + 8) = 11 . 

The derivative of a function, also known as slope of a function, or derived 

function or simply the derivative, is defined as f '(x) = lim
ℎ →0

𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
 

✓  
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Find the derivative of f(x) = x2 – 5x + 3 at an unspecified value of x.  Then evaluate f ' (0) , f ' (1)  

 

 

Solution 

              f ' (x) = lim
ℎ →0

𝑓 (𝑥+ℎ)−𝑓(𝑥)

ℎ
 

                         = lim
ℎ →0

( 𝑥 + ℎ )2 − 5 ( 𝑥 + ℎ ) + 3 − 𝑥2 + 5𝑥 − 3

ℎ
 

                           = lim
ℎ →0

ℎ ( 2𝑥 + ℎ − 5 )

ℎ
 

                            = lim
ℎ →0

( 2𝑥 + ℎ − 5) = (2𝑥 − 5) 

  f ' (0) = 2 (0) – 5 = -5 

 f ' (1) = 2 (1) – 5 = -3 

 

Properties: 

 

(1)  For any constant c, 
𝑑

𝑑𝑥
 𝑐  = 0. 

(2) 
𝑑

𝑑𝑥
 𝑥 = 1. 

(3) For any integer n > 0, 
𝑑

𝑑𝑥
 𝑥𝑛  = n xn – 1. The formula is generalised for any real number 

r, 
𝑑

𝑑𝑥
 (𝑥𝑟) = 𝑟 𝑥𝑟−1. 

(4) If f(x) and g(x) are differentiable at x and c is any constant, then. 

           (i) 
𝑑

𝑑𝑥
 [𝑓(𝑥) ± 𝑔(𝑥)] = 𝑓 ′(𝑥) ± 𝑔′ (𝑥); 

           (ii) 
𝑑

𝑑𝑥
 [𝑐 𝑓(𝑥)] = 𝑐 𝑓 ′ (𝑥) . 

✓ Derivative of a polynomial function 

If f(x) and g(x) are differentiable at x and c is any constant, then. 
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     (i)  
𝑑

𝑑𝑥
 [𝑓(𝑥) ± 𝑔(𝑥)] = f ' (x) ± g ' (x) ; 

     (ii) 
𝑑

𝑑𝑥
 [𝑐 𝑓(𝑥)] = 𝑐 𝑓 ′ (𝑥) . 

 

Example 

Find the derivative of f (x) = 2 + 3x + 6x2 + 21x3 

Solution 

f '(x) = 0 + 3+12x + 63x2 

 

Example 

Find f ' (x) if f(x) = (2x4 – 3x + 5) (x2 - √𝑥  +  
2

𝑥
 ) ∶ 

Solution 

f ' (x) = (8x3 -3) (x2 - √𝑥  +  
2

𝑥
 ) + (2𝑥4 − 3𝑥 + 5)(2𝑥 −  

1

2√𝑥
−  

2

𝑥2 ) . 

✓ Derivative of a rational function 

 

Example 

Find f ' (x) if f(x)  = 
𝑥2−2

𝑥2+1
   . 

Solution 

  f ' (x)  = 
(𝑥2−2)′ (𝑥2+1)−( 𝑥2+1)′ (𝑥2−2)

(𝑥2+1)2  

              = 
2𝑥 (𝑥2+1)−2𝑥 (𝑥2−2)

(𝑥2+1)2  
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              = 
6𝑥

(𝑥2+1)2    . 

 

Exercises 

Find the derivative of each function: 

1.  f (x) = (x2 + 3) (x2 -3x + 1).           2.      f(x)  = 
3𝑥−2

5𝑥+1
   . 

3.     f(x)  = 
(𝑥+1)(𝑥−2)

𝑥2− 5𝑥+ 1
    .                  4.    f(x) = 

6𝑥− 
2

𝑥

𝑥2+ √𝑥
     .         

Trigonometric formulas 

 

✓ Derivative of an irrational function 

Formula 

f(x) = √𝑢𝑛  → 𝑓 ′ (𝑥) =  
𝑢′

𝑛 √𝑢𝑛−1𝑛  

Example 

f(x) = √𝑥2 − 3𝑥 → f ' = 
2𝑥 − 3

2√𝑥2−𝑥3
        f(x) = √𝑥2 + 1

3
 → 𝑓′(x) = 

2𝑥 

3 √(𝑥2+1)23  

                                 f(x) = √(𝑥2 − 3𝑥)23
 →   𝑓′(𝑥) =  

2 ∙ ( 2𝑥 − 3) ∙ ( 𝑥2 − 3𝑥)

3 ∙ √(𝑥2−3𝑥)43  

✓ Successive derivatives 
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Example 

Let y = 3x4 -2x2 +1 . 

Compute as many derivatives as possible 

Solution 

y' = 12x3 – 4x ;   y''  = 36x2 – 4 ;  y''' = 72x  ;   𝑦(4) = 72  ;     𝑦(5) = 0 ;    𝑦(𝑛) = 0   𝑓𝑜𝑟 𝑛 ≥ 5   

 

Theoretical learning Activity  

✓ Discuss on the first principle of derivative? 

 

Practical learning Activity  

✓ Find the derivative of the following function using the definition of the 

derivative: g(t) = √𝑡 
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Points to Remember (Take home message) 

 

 

 

 

 

 

 

 

 

   Learning outcome 2.1: Formative Assessment 

Determine from first principles the derivative of the following functions: 

(a)   2         (b)      x  +  x3                (c)      x3 + 2x +3 

 

Learning outcome 2.2. Interpret derivative of a function. 

 

Duration: 5 hrs 

Learning outcome 2.2 Objectives:   

By the end of the learning outcome, the trainees will be able to: 

1. Discuss clearly on Geometric interpretation of a derivative of a function at a point as 

applied in basic mathematical analysis.  

2. Describe properly the kinematical meaning of a derivative as applied in basic 

mathematical analysis. 

Resources 

Equipment  Tools Materials  

✓ The derivative of a function f(x), also known as slope of a function, or derived 

function or simply the derivative, is defined as  

f '(x) = 𝐥𝐢𝐦
𝒉→𝟎

𝒇(𝒙+𝒉)−𝒇(𝒙)

𝒉
                  

✓ From the first principles, the derivative functions of: f(x) = x2 

        Solution 

                      f(x) = x2 

f '(x) = 𝐥𝐢𝐦
𝒉→𝟎

𝒇(𝒙+𝒉)−𝒇(𝒙)

𝒉 
 =  𝐥𝐢𝐦

𝒉→𝟎

(𝒙 + 𝒉)𝟐− 𝒙𝟐

𝒉
   =  𝐥𝐢𝐦

𝒉 →𝟎

𝒙𝟐+𝟐𝒙𝒉+𝒉𝟐−𝒙𝟐

𝒉
 

         = 𝐥𝐢𝐦
𝒉 →𝟎

𝟐𝒙𝒉+ 𝒉𝟐

𝒉
  = 𝐥𝐢𝐦

𝒉 →𝟎

𝒉( 𝟐𝒙+𝒉)

𝒉
  =   𝐥𝐢𝐦

𝒉 →𝟎
( 𝟐𝒙 + 𝒉) =  𝟐𝒙 +  𝟎 = 𝟐𝒙  
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Reference books 

Internet 

Didactic materials such 

as manila paper 

 

Handouts on worked 

examples 

Geometric instruments 

Advance preparation: 

. Refer to manual describing interpretation of derivative 

 

 

 

 

 2.2.1 : Geometric interpretation of  derivative of a function at a point 

• Geometric interpretation of derivative at a point 

 

 

 

Examples 

Find the equation of the tangent to graph: 

        (a)      y = x2 + 1  at x = 1 
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         (b)     y = 
2

𝑥
   at x = 2 

Solution 

(a)     x = 1 ;  y = 12 + 1 =2 

         y ' = 2x ; at x = 1,  y' =2 

         The equation of the tangent is 

         y – 2 = 2 (x – 1) ; y = 2x .  

 

 

(b)   x = 2 ; y =1  

        y '  = − 
2

𝑥2  ;   𝑎𝑡  𝑥 = 2, 𝑦 ′ =  −
1

2
   . 

  The equation of the tangent is  

    y – 1 = −
1

2
 (𝑥 − 2);  𝑦 = −

1

2
𝑥 + 2 .  

Exercises 

1.  Find the equation of the tangent line to the graph of function f(x) = 4 – 4x + 
2

𝑥
 

2. Find the equation of the normal to the graph of function  

    f(x) = (x4 – 3x2 + 2x) (x3 – 2x + 3) at the origin.  

  

Theoretical learning Activity  

✓ Discuss on the interpretation of a derivative of a certain function at any given point? 

Practical learning Activity  

✓ Find from first principles, the slope of the tangent to the following functions at 

a given value of x:   f(x) = 2x2 + 3 at x = 2 
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Points to Remember (Take home message) 

 

 

 

 

 

 

 

 

 

 

 

2.2.2: Kinematical meaning of a derivative 

• Kinematical meaning of a derivative 

Velocity 

 

Example 

.The slope (gradient) of the tangent to a curve of f(x) is defined as the 

slope of 

the curve f(x), and is the instantaneous rate of change in y with respect 

to x. 

• Finding the slope using the limit method is said to be using first 

principles. 

• A chord (secant) of curve is a straight line segment which joins any 

two 

points on the curve. 

• A tangent is straight line which touches curve at point. 

.The slope of the tangent at the point x = a is defined as the slope of the 

curve at the point where x= a, and is the instantaneous rate of change in 

y with respect to x at that point. 
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The height of a falling object, t seconds after being dropped from a height of 64 meters 

is given by f(t) = 64 – 16t2.  Find the average velocity between times t = 1 and t = 2, and 

find the instantaneous velocity at time t = 2. 

Solution 

Average velocity = 
𝑓(2)−𝑓(1)

2−1 
 =  

0− 48

1
  = - 48m/s  . 

Instantaneous velocity: 

          f '(t) = -32t 

           t = 2, f '(2) = - 32 (2) =  - 64 m/s . 

If s(t), v(t) and a(t) are position, velocity and acceleration at time t respectively, we 

have  v = 
𝑑𝑠

𝑑𝑡
  and a = 

𝑑2𝑠

𝑑𝑡2  or  a = 
𝑑𝑣

𝑑𝑡
 . 

✓ A body moves along the x-axis so that at time t seconds x(t) = t3 + 3t2 – 9t. Find: 

(a) the position and velocity of the body at t = 0. 1, 2 

(b) where and when the body comes to rest 

(c) the maximum speed of the body in the first 1 second of motion 

(d) the maximum velocity of the body in the first 1 second of motion 

(e) the total distance travelled by the body in the first 2 seconds of motion.  

✓ Solution 

(a) x(t) = t3 + 3t2 – 9t      ;   v(t) = 3t2 + 6t – 9 = 3(t2 + 2t – 3) = 3(t + 3)(t – 1) 

When t = 0, x = 0 and v = –9; when t = 1, x = –5 and v = 0; when t = 2, x = 2 and v = 5 . 

At t = 0, the body is at the origin with velocity of –9ms-1. 

At t = 1, the body is 5m to the left of 0 with velocity of 0ms-1. 

At t = 2, the body is 2m to the right of 0 with velocity of 15 ms-1. 

(b) The body is at rest when v = 0. This occurs when t = 1 (t ≥ 0). At this time the body is 5m to the left 

of the origin. 

(c) The velocity is increasing in the interval [0, 1] since v′(t) = 6t + 6 > 0. v(0) = –9 and v(1) = 0. 

Therefore the maximum speed in the first 1 second is 9ms-1. 

(d) From part (c), the maximum velocity is 0ms-1. 

(e) The following diagram illustrates the position of the body from t = 0 to t = 

2. 

 
From the diagram the total distance travelled is 12 m. 

Exercises 
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Indeterminate forms and Hospital's rule 

 

Example 
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Theoretical learning Activity  

✓ Discuss on what is Kinematical meaning of a derivative?  

Practical learning Activity  

✓ A particle is moving along the x-axis such that its position, x(t) metres to the right of the origin at 

time t seconds, is given by x(t) = t3 – 9t2 + 24t – 18. Describe the particle motion during the first 

five seconds and calculate the distance travelled in that time. 

Points to Remember (Take home message) 

 

 

 

 

 

 

 

 

 

 

     Learning outcome 2.2: Formative Assessment 

 

1. A body moves along the x-axis so that its position is x(t) metres to the right of the 

origin at time t seconds. 

a) If x(t) = t3 – 3t2 explain why the total distance travelled in the first three seconds of 

motion is not equal to the displacement in that time. 

b) If x(t) = t3 – 3t2 + 3t explain why the distance travelled in that first three seconds of 

motion is now equal to the displacement in that time. 

 

 

If the function y = f(x) is represented by a curve, then f′(x) = 
𝑑𝑦

𝑑𝑥
 is the slope function; it is the 

rate of change of y with respect to x. Since  is the derivative of the slope function, it 

is the rate of change of slope and is related to a concept called convexity (bending) of a curve. 

If x = t is time and if y = s(t) is displacement function of moving object, then s′(t) = 
𝑑𝑠

𝑑𝑡
 is the 

velocity function. The derivative of velocity i.e. the second derivative of the displacement 

function is s′′(t) or  ; it is the rate of change of the velocity function, which is, the 

acceleration function. 
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Learning outcome 2.3. Apply derivative. 

Duration: 5 hrs 

Learning outcome 2.3 Objectives:   

By the end of the learning outcome, the trainees will be able to: 

1. Describe clearly how to determine the equation of tangent line at a given point as 

applied in basic mathematical analysis. 

2. Describe correctly how to determine the equation of normal line at a given point as 

applied in basic mathematical analysis. 

3. Demonstrate appropriately the increasing and decreasing intervals for a function as 

applied in basic mathematical analysis. 

4. Describe properly the maximum and minimum points of a function as applied in basic 

mathematical analysis. 

5. Discuss clearly the concavity, inflection point on a graph as applied in basic mathematical 

analysis. 

Resources 

Equipment  Tools Materials  

Reference Books 

Internet 

Didactic materials such 

as manila paper 

Hand-out notes 

Geometric instruments 

Advance preparation: 

. Refer to manual discussing on application of derivative.  

 

 

 2.3.1: Determination of equation of tangent line at a given point 

• Tangent and normal at a point a of a function 

•Determination of equation of normal line at a given point 

The equation of the tangent line at x = a can be expressed as: 
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The equation of the normal line at x = a can be expressed as: 
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Theoretical learning Activity  

✓ Discuss on what is a tangent line at normal point? 

Practical learning Activity  

✓ Find the equation of the tangent to f(x) = x2 + 2 at the point where x = 1. 

Points to Remember (Take home message) 

 

 

 

 

 

 

 

 

 

 

 

 

 2.3.2: Increasing and decreasing intervals for a function 

 

Example 

✓ Tangent line to a curve of function 

Consider a curve y = f(x) . If P is the point with x-coordinate a, then the slope 

of the tangent at this point is f′(a) . The equation of the tangent is by equating 

slopes    

✓ Normal line to a curve of function 

A normal to a curve is a line which is perpendicular to the tangent at the point of 

contact. Therefore, if the slope of the tangent at x = a is f′(a) , then the slope of a 

normal at x = a is  This comes from the fact that the product of gradients of 

two perpendicular lines is –1.  

✓ Note: If a tangent touches y = f(x) at (a, b) then it has equation 

  
✓ Vertical and horizontal lines have equations of the form x = k and y = c 

respectively, where c and k are constants. 
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Theoretical learning Activity  

✓ Describe what is an increasing and decreasing function? 

Practical learning Activity  

✓ Given the function f(x) = 2x3 + 9x2 + 12x + 20. Determine the interval where 

the graph of the function is increasing and where it is decreasing. 

Points to Remember (Take home message) 

 

 

 

 

 

 

 

 

 

 

 

 

✓ A real function f is increasing in or on an interval I if f(x1) ≤ f(x2) whenever x1 

and x2 are in I with x1 < x2. Also, f is strictly increasing if f(x1) < f(x2) 

whenever x1 < x2. 

A real function f is decreasing in or on an interval I if f(x1) ≥ f(x2) whenever x1 

and x2 are in I with x1 < x2 . Also, f is strictly decreasing if f(x1) > f(x2) 

whenever x1 < x2 



47 
 

 

 

 2.3.3 : Maximum and minimum points of a function  

• Maximum and minimum points of a function 

First derivative test 

 

Example 
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Theoretical learning Activity  

✓ Describe on what is maximum and minimum points of inflection? 

Practical learning Activity  

✓ Find the maximum profit that a company can make, if the profit function is 

given by P(x) = 4 + 24x – 18x2 

Points to Remember (Take home message) 

 

 

 

 

 

 

 

 2.3.4 : Concavity, inflection point on a graph 

• Concavity, inflection point on a curve 

 

Example 

✓ Stationary point 

This is a point on the graph y = f(x) at which f is differentiable and f′(x) = 0. The term 

is also used for the number c such that f′(c). The corresponding value f(c) is a 

stationary value. A stationary point c can be classified as one of the following, 

depending on the behaviour of f in the neighbourhood of c: 

(i) A local maximum, if f′(x) > 0 to the left of c and f′(x) < 0 to the right of c, 

(ii) A local minimum, if f′(x) < 0 to the left of c and f′(c) > 0 to the right of c, 

(iii) Neither local maximum nor minimum, if (i) and (ii) are not satisfied. 

Note: Maximum and minimum values are termed as extreme values 
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Exercises 
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Theoretical learning Activity  

✓ Discuss on concavity and inflection point of a function? 

Practical learning Activity  

✓ Given the function  

(a) State the values of x for which f is increasing 

(b) Find the x-coordinate of each extreme point of f. 

(c) State the values of x for which the curve of f is concave upwards. 

(d) Find the x-coordinate of each point of inflection. 

(e) Sketch the general shape of the graph of f indicating the extreme points and points of 

inflection. 

Points to Remember (Take home message) 

 

 

 

 

 

 

 

 

    Learning outcome 2.3: Formative Assessment 

1. Find the inflection point of the function defined by:   

2. State the values of x for which the curve of f is concave upwards.  

Learning outcome 2.4. Sketch graph of a given function. 

Duration: 5 hrs 

✓ A curve is said to be concave downwards (or concave) in an interval ]a, b[ 

If f′′(x) < 0 for all x∈]a,b[. 

✓ A curve is said to be concave upwards (or convex)  

✓ A point of inflection is a point on a graph y = f(x) at which the concavity changes. 

If f′ is continuous at a , then for y = f(x) to have a point of inflection at a it is 

necessary that f′′(a) = 0, and so this is the usual method of finding possible points 

of inflection. in an interval ]a, b[ if f′′(x) > 0 for all x ∈]a,b[. 
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Learning outcome 3.4.  Objectives:   

By the end of the learning outcome, the trainees will be able to: 

1. Discuss clearly how to establish required parameters as applied in basic mathematical 

analysis. 

2. Describe appropriately how to sketch a graph as applied in basic mathematical analysis. 

Resources 

Equipment  Tools Materials  

Reference books 

Internet 

Scientific calculator 

Didactic materials such 

as manila paper 

Geometric instruments  

(Ruler, T-square) 

Handouts on worked 

examples 

Advance preparation: 

. Refer to a manual describing how to sketch a graph of a function. 

 

 

 2.4.1 : Establishing required parameters 

Introduction 

A rule that defines a function can be given by: an equation connecting the independent variable x 

and the dependent variable y = ƒ(x) or a graph: the set of all points (x, y) in the xy– plane that satisfy 

the equation y = ƒ(x). 

• Parameters required 

✓ Variation table 

By definition, a variation table is the table which contains the results from the first derivative and 

second derivative. 

✓ Additional points 

Additional points are other points which shows where the curve of a function must pass 
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Theoretical learning Activity  

✓ Discuss on the parameters required for graphing a given function 

Practical learning Activity  

✓ Describe on a variation table and addition points for graphing a function f(x) 

Points to Remember (Take home message) 

 

 

 

 

 

 

 

2.4.2 : Sketching graph 

• Curve sketchingSteps to follow to draw the graph of y = ƒ(x) 

When trying to draw the graph of y = ƒ(x), start by gathering information about the graph through the 

following tests: 

1. Domain 

2. Limits at the end points of the domain and asymptotes 

3. First derivative information 

4. Second derivative. 

5. Variation table 

6. Intercepts 

7. Supplementary points 

8. Sketch the curve. 

 

 

✓ Curve sketching of a polynomial function 

✓ Variation table: is the table which contains the results from the first and second 

derivative. 

✓ Additional other points which shows where the curve of a function must pass 

points.  
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✓ Curve sketching of a rational function 
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✓ Curve sketching of an irrational function 

 

Example 

 

 



58 
 

 

 

Exercises 
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Theoretical learning Activity  

✓ Discuss on solving and graphing a function? 

Practical learning Activity  

✓ Given the function  

(a) State the values of x for which f is increasing 

(b) Find the x-coordinate of each extreme point of f. 

(c) State the values of x for which the curve of f is concave upwards. 

(d) Find the x-coordinate of each point of inflection. 

(e) Sketch the general shape of the graph of f indicating the extreme points and points of 

inflection. 

Points to Remember (Take home message) 

 

 

 

 

 

 

 

 

 

 

    Learning outcome 2.4: Formative Assessment 

1.Given the function. Determine:  

        a) the domain of f 

        b) the x-intercept(s) and y-intercept(s) 

        c) all asymptotes to the curve of the function f. 

        d) the first derivative f′(x) and the second derivative f′′(x) 

       e) the extrema point(s) (local minimum or local maximum) 

       f) interval(s) on which f is increasing or decreasing. 

✓ When trying to draw the graph of y = ƒ(x), start by gathering 

information about the graph through the following tests: 

1. Domain 

2. Limits at the end points of the domain and asymptotes 

3. First derivative information 

4. Second derivative. 

5. Variation table 

6. Intercepts 

7. Supplementary points 

8. Sketch the curve. 
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       g) inflection point(s) 

       h) interval(s) of upward or downward concavity. 

Learning Unit 3: Apply exponential functions 

 

 

 

 

 

 

 

 

Learning outcome 3.1: Determine the domain of exponential function 

 Duration: 3hours 

Objectives: 

By the end of the learning outcome the learner will be able to:   

3 Identify exponential functions, 

3 Write exponential functions, 

3 Evaluate the domain of definition of exponential functions. 

 

 

Resources 

Equipment  Tools Materials  

Books 

Handouts 

 Blackboard 

Chalk 

Marker pen 

Flip chart 

 

Structure of the Learning unit : 

 DURATION : 20HOURS 

LEARNING OUTCOMES : 

3.1 Determine the domain of exponential function 

3.2 Calculate limit of exponential functions 

3.3 Solve equations involving exponentials 
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Advance preparation: 

. Manual 

. 

 

 

 

3.1.1 Definition:  

An exponential function is defined as 

follows: 

 y = Exp(x) = ex ↔ x = ln y  

  

 Existance condition  

        The function y = ex∋↔ x∈[-∞, +∞] 

• Boundaries  

      Here we have two boundaries -∞ and +∞ 

• Domain of definition  

      The domain of definition of the function y = ex is [-∞, +∞] 

Theoretical learning Activity  

✓ Define exponential function 

✓ Domain of definition of exponential function  
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Practical learning Activity  

✓ Find the domain of definition of F(x) = e2x + e 

Points to Remember (Exponential function; Domain of definition ; Derivative; ) 

 

Learning out come 3.1: formative assessment : 

Assessment: 5 Marks 

Time : 10 minutes 

Evaluate the domain of definition of 𝑓(𝑥) = 𝑒
2𝑥

  

Solution: 

Here we have two boundaries -∞ and +∞ /2Marks 

The domain of definition of the function 𝑓(𝑥) = 𝑒
2𝑥

 is [-∞, +∞];3Marks 

 

Learning outcome 3.2: Calculate limit of exponential functions 

 Duration: 4hours 

Objectives: 

By the end of the learning outcome the learner will be able to: 

1.Understand the properties related to finding the limit of exponential functions 

2.Understand and combine the properties of limits to simplify and evaluate limit  

                           of exponential functions 

3.Finding limits by direct substitution of exponential functions. 

 

Resources 

Equipment  Tools Materials  
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Books 

Handouts 

 Blackboard 

Chalk 

Marker pen 

Flip chart 

 

Advance preparation: 

. Manual 

. 

 

 

3.2.1 limit of exponential functions 

Finite limit  

  

• Limits at infinity  

 

 

• Deduction/ calculation of asymptotes  

As 𝐥𝐢𝐦
𝒙 →−∞

ex = 0,  

HA ≡Y = 0  

Theoretical learning Activity  

✓ Definition of limits exponential limits  
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Practical learning Activity  

✓ Find the 𝐥𝐢𝐦
𝒙 →−∞

 𝑒2𝑥 +ex  

 

Points to Remember (Finite limit , Limits at infinity ) 

 

Learning out come 3.2: formative assessment 

Assessment: 5 Marks 

Time : 10 minutes 

Evaluate the following limits 

𝐥𝐢𝐦
𝒙 →−∞

 𝑒2𝑥 +ex 

SOLUTION: 

we know              𝑒−∞ = 0                            2Marks 

then 
𝐥𝐢𝐦

𝒙 →−∞
 𝑒2𝑥 + 𝒆𝒙=𝒆−𝟐∞ + 𝒆−∞ = 𝟎                      

3Marks
 

Learning outcome 3.3: Solve equations involving exponentials equestions 

 Duration: 4hours 

By the end of the learning outcome the learner will be able to: 

1.Use the rules of exponents to solve exponential equations where the variable  

                                                appears as part of the exponent. 

 2.Identify the rules of exponents(product, quotient, power, product of power/quotient) 

3.Solve exponential equations using logarithms. 

Resources 

Equipment  Tools Materials  
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Books 

Handouts 

 Blackboard 

Chalk 

Marker pen 

Flip chart 

 

Advance preparation: 

. 

. 

 

3.3.1 Exponentials equestions 

 

• Properties of exponentials  

  
• Domain of validity  

The domain of validity of an exponential equation is the condition for which the equation has 

roots.  

  

• Solving equations involving exponentials  

  

Examples  

Solve the following equation  

  

Solution: 
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• Set of solutions  

In the example above the set of solution is S= [ln 3]  

         

Theoretical learning Activity  

✓ Step  of solving exponential function  
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Practical learning Activity  

✓ Solve: 𝑒2𝑥 +ex -6=0 

• Points to Remember: 

(𝐷𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛; 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛, 

𝑝𝑟𝑜𝑝𝑒𝑡𝑖𝑒𝑠 𝑜𝑓 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙𝑠 ) 

 

Learning outcome 3.4: Differentiate exponential functions 

 Duration: 4hours 

By the end of the learning outcome the learner will be able to:   

1.Differentiate exponential functions where the base is Euler’s number.  

2.Differentiate exponential functions where the base is a constant. 

3.Differentiate exponential functions with linear exponents. 

4.Differentiate exponential functions with quadratic exponents. 

5.Evaluate the differential of an exponential function at a given point 

Resources 

Equipment  Tools Materials  

Books 

Handouts 

 Blackboard 

Chalk 

Marker pen 

Flip chart 

 

Advance preparation: 

. Manual 

. 

 

 

 

 

 



68 
 

 

 

 

 

3.4.1 Differentiation    

  
  

Examples  

  

Find the derivative of each of the following 
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• Increasing and decreasing intervals  

  

             The graph of the function y = ex is increasing for all real numbers  

 

• Concavity  

The graph of the exponential function is concave up  

Theoretical learning Activity  

✓ Increase and decrease interval 

✓ Differentiation. 

✓ Direction of the concavity 

Practical learning Activity  

✓ Evaluate the following function 𝑓(𝑥) = 𝑒2𝑥 +ex  
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 Points to Remember: 

 (Differentiation of exponential function; increasing and decreasing interval of 

exponential functions, concavity of exponential function)   

 

Learning outcome 3.5: Sketch the curve of exponential functions 

 Duration: 5hours 

By the end of the learning outcome the learner will be able to:  

1.Sketch the graph of an exponential function, 

2.Identify the domain and range of an exponential function using its graph, 

3.Find where a given exponential graph intersects the axes, 

4.Find a missing value in an exponential equation given a point it passes  through. 

Resources 

Equipment  Tools Materials  

Books 

Handouts 

 Blackboard 

Chalk 

Marker pen 

Flip chart 

 

Advance preparation: 

. Manual 

. 

 

3.5.1 curve sketching 

• Parameters required  

  

✓ Variation table  
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Additional points  

  

  

x  0.5  1  1.5  2  2.5  3  

ex  1.65  e  4.5  7.4  12  20  

  

• Curve sketching  

The following is the graphical representation of the 

function y = ex  

  

Example of curve sketching containing exponential 

function.  Example1  
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73 
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Theoretical learning Activity  

✓ Step of sketching exponential function  

Practical learning Activity  

✓ Sketch the following function 𝑓(𝑥) = 𝑒2𝑥  

Points to Remember (Parametrics required for sketching exponential functions,  and it’s 

Sketching) 

 

Learning out come 3.5: formative assessment 
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Learning Unit 4: Apply natural logarithmic functions 

 

 

 

 

 

 

 

 

 

 

 

                                           

      

 

 

 Structure of learning unit 

 

                      Duration: 19hours 

 Learning outcomes: 

                       4.1 Determine the domain of definition of natural logarithmic 

functions 

                       4.2 Calculate limits of natural logarithmic functions 

                       4.3 Solve equations involving logarithms      

                       4.4 Differentiate natural logarithmic functions   

      4.5 Sketch the curve of logarithmic function 

 

 

 

Learning outcome 4.1: Determine the domain of definition of natural logarithmic 

functions 
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 Duration: 5hours 

By the end of the learning outcome the learner will be able to:   

1.Identify logarithmic functions, 

2.Write logarithmic functions. 

3.Evaluate the domain of definition of logarithmic functions. 

 

Resources 

Equipment  Tools Materials  

Books 

Handouts 

 Blackboard 

Chalk 

Marker pen 

Flip chart 

 

Advance preparation: 

. Manual 

. 

 

4.1.1 Definition 

The natural logarithm, also called neperian logarithm, is noted ln. The domain is D=] 0, +∞ [because 

ln(x) exists if and only if x>0. The range is I=R=] −∞, +∞ [because ln is strictly increasing.  

  

✓ Existence conditions  

  

The function y=ln x exists if and only if x >0  

  

✓ Boundaries  

  



77 
 

In the case of our function y=ln x, we have two boundaries which are 0+and+∞  

  

✓ Domain of definition  

  

      The domain of our function y=ln x is D=] 0, +∞ 

Theoretical learning Activity  

✓ Domain of definition of natural logarithm 

✓ Existence condition.  

Practical learning Activity  

✓ Evaluate the domain of definition of 𝑓(𝑥) = 𝑙𝑛2𝑥 + 2 

Points to Remember :(Domain of definition of logarithmic function, Existence condition )  

 

Learning out come 4.1: formative assessment 

Assessment: 5 Marks 

Time : 10 minutes 

 Evaluate the domain of our function y=ln2x 

SOLUTION: 

In the case of our function y=ln2x, we have two boundaries which are 0+and+∞ 

The domain of our function y=ln 2x is Dmf=] 0, +∞[ 

Learning outcome 4.2: Calculate limits of natural logarithmic functions 

 Duration: 5hours 



78 
 

By the end of the learning outcome the learner will be able to: 

1.Understand the properties related to finding the limit of logarithmic functions 

2.Understand and combine the properties of limits to simplify and evaluate  

                         limit of logarithmic functions. 

3.Finding limits by direct substitution of logarithmic functions. 

 

 

 

Resources 

Equipment  Tools Materials  

Books 

Handouts 

 Blackboard 

Chalk 

Marker pen 

Flip chart 

 

Advance preparation: 

. Manual 

. 
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4.2.2 Properties of logarithms  

  
    

➢ Finite limits  

  

Evaluate:  

a. 𝐥𝐢𝐦
𝒙 →𝟐

 (ln x-3)  

b. 𝐥𝐢𝐦
𝒙 →𝟐

 (ln x -1) 

 

SOLUTIONN 

 

a. 𝐥𝐢𝐦
𝒙 →𝟐

 (ln x -3) =ln2-3  

b. 𝐥𝐢𝐦
𝒙 →𝟐

 (ln x-1) =ln1-1=0-1=-1  
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➢ Limits at infinity  

  
 Deduction asymptotes    

As:  

  
The line x=0 is the vertical asymptote  

  

Theoretical learning Activity  

✓ Limit of natural logarithm. 

✓ Existence condition.  

Practical learning Activity  

✓ Evaluate the following limit 𝐥𝐢𝐦
𝒙 →𝟐

 (ln 6x -3)  

Points to Remember (Finity  and Limits at infinity of logarithmics functions ) 

Learning out come 4.2: formative assessment 

Assessment: 5 Marks 

Time : 10 minutes 

Evaluate the following limits 

a. 𝐥𝐢𝐦
𝒙 →𝟒

 (ln 3x-3)     /2.5Marks 

b. 𝐥𝐢𝐦
𝒙 →𝟑

 (ln 10x -1) / 2.5Marks 

 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 

  

We can    
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a.𝐥𝐢𝐦
𝒙 →𝟒

 (ln3x -3) =ln12-3          /2.5Marks 

              𝒃. 𝐥𝐢𝐦
𝒙 →𝟑

 (ln10x-1) =ln10-1         /2.5Marks 

Learning outcome 4.3: Solve equations involving logarithms 

 Duration: 5hours 

By the end of the learning outcome the learner will be able to: 

1.Use the rules of logarithms to solve logarithmic equations where the variable appears  

                as part of the logarithm. 

2.Identify the rules of logarithmic. 

2. Solve logarithmic equations. 

 

Resources 

Equipment  Tools Materials  

Books 

Handouts 

 Blackboard 

Chalk 

Marker pen 

Flip chart 

 

Advance preparation: 

. 

. 

 

 

4.3.1 Logarithmic equation 

Domain of validity    

The domain of validity of a logarithmic equation is the condition for which the equation has roots.  

  

➢ Solving logarithmic equations   

Steps for solving logarithmic Equations   
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Step 1: Determine if the problem contains only logarithms. If so, go to step 2. If not, stop and use the       

steps for solving logarithmic equations containing terms without logarithms  

Step 2: Use the Properties of logarithms to simplify the problem if needed. If the problem can be 

simplified  

Step 3: Rewrite the problem without the logarithms.  

Step 4: simplify the 

problem. 

Step 5: solve for x.  

Step 6: Check your answer(s). Remember we cannot take logarithm of a negative number, so we need 

to make sure that when we plug our answer(s) back into the original equation we get a positive 

number.  

Otherwise, we must drop that answer  

  

Examples:  

Solve the following 

equation 

 01.ln(x+2)-ln(4x+3)=                       

ln (
1

𝑥
) 

     𝒍𝒏 (
𝒙+𝟐

𝟒𝒙+𝟑
) = 𝒍𝒏(

𝟏

𝒙
) 

𝒙 + 𝟐

𝟒𝒙 + 𝟑
=

𝟏

𝒙
 

  x(x+2) = 4x+3 

 x2 + 2x= 4x+ 3  

x2 - 2x-3 = 0  

We get two values of x which are 3 and -1.  

The only true solution is (3) 

✓ Set of solutions  

The set of solutions is the set of all roots satisfying the equation. In the example above (3) is the 

set of solutions.  

 

Theoretical learning Activity  

✓ Step of solving logarithmic function 
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Practical learning Activity  

✓ Solve the following: ln(x+2)+ln(x+3)= ln(2𝑥 − 12) 

Points to Remember (Domain of definition of logarithmic function;  

                                                   existence condition; solving logarithmic function)  

Learning out come 4.3: formative assessment 

Assessment: 5 Marks 

Time : 10 minutes 

Solve log2 𝑥 + log2( 𝑥 − 1) = log2( 1 − 𝑥) 

Solution: 

Log2 x(x-1) =log2 (1-x), /1MARK 

x(x-1) =1-x,              /1MARK 

x2 –x =1-x,            /1MARK 

 x2 –x+x=1,           /1MARK 

 x2=1     

         X=±1 it means x1 =-1, X2 =1 /1MARK 

Learning outcome 4.4: Differentiate natural logarithmic functions 

 Duration: 2hours 

By the end of the learning outcome the learner will be able to:   

1.Differentiate logarithmic functions. 

2.Differentiate logarithmic functions. 

3.Evaluate the differential of logarithmic function at a given point. 

 

 

 



84 
 

Resources 

Equipment  Tools Materials  

Books 

Handouts 

 Blackboard 

Chalk 

Marker pen 

Flip chart 

 

Advance preparation: 

. Manual 

. 

 

4.4.1 Differentiation   

General rule   

   
  

Example1  
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   Exercises  

  
• Increasing and decreasing intervals  

  

The graph of the y= ln x is increasing, continuous and concave down on the interval (0,∞)  

  

Concavity  

  

As it is mentioned above the function y= ln x is concave down  

 

Theoretical learning Activity  

✓ Differentiation of logarithmic function. 

✓ Decreasing and increasing interval.  

Practical learning Activity  

✓ Evaluate the derivative of f(x)=ln(x+2) 
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Points to Remember (Derivative of logarithmic function; existence condition, 

                         Concavity of logarithmic functions, Increasing and decreasing of logarithmic function) 

Learning out come 4.4: formative assessment 

Assessment: 5 Marks 

Time : 10 minutes 

Differentiate the following function : 

F(x)= ln (x – 20) 

Solution:(ln (𝑥 − 20))′ =
(𝑥−20)′

𝑥−20
=

1

𝑥−20
           /5Marks 

 

Learning outcome 4.5: Sketch the curve of logarithmic function 
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4.5.1 curve sketching 

 

 

 

• Parameters required for the function y= ln x  

 Duration: 5hours 

By the end of the learning outcome the learner will be able to:   

1.Evaluate and graph logarithmic functions with different bases, 

2.Solving logarithmic equations graphically. 

3.Recognize the features and characteristics of logarithmic functions 

                   (increasing, decreasing, asymptotes, etc.). 

 

Resources 

Equipment  Tools Materials  

Books 

Handouts 

 Blackboard 

Chalk 

Marker pen 

Flip chart 

 

Advance preparation: 

. Manual 

. 
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✓ Variation table  

  

✓ Additional points  

  
• Curve sketching  

From the information we already have about the logarithmic function y= ln x  

  

   

  Solved example  
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92 
 

   

Theoretical learning Activity  

✓ Graph of logarithmic function 

✓ Step of sketching logarithmic function.  

Practical learning Activity  

✓ Sketch the following function𝑓(𝑥) = ln(𝑥 + 2)  

Points to Remember (Sketching logarithmic function; existence condition; 

                                                                                       supplementary points ) 

 

 

 

 

 

 



93 
 

 

Learning out come 4.5: formative assessment: 

Assessment: 5 Marks 

Time : 10 minutes 

Sketch the following function𝑓(𝑥) = ln(2𝑥 + 1)  

 

  

 

  

   

 

 

 

 

 

 

 

 

 

 

 



94 
 

 

 

 

References:  

1. Ngezahayo, E. P. (2017). Advanced Mathematics for Rwanda Secondary Schools. Learners’  

                          Book Senior Six. Kigali: Fountain.  

2. Ngezahayo, E. P. (2017). Advanced Mathematics for Rwanda Secondary Schools. Learners’ 

                    Book Senior Five. Kigali: Fountain.  

3. Ngezahayo, E. P. (2016). Advanced Mathematics for Rwanda Secondary Schools. Learners’   

                   Book            Senior Four. Kigali: Fountain.  

4. Dexter, J.B(2002). Engineering Mathematics: 5th Edition  

John, B. (2006). Higher Engineering Mathematics:5th Co 

      5.       Allen R (2004). Intermediate Algebra for College Students, Pearson Education, Inc, New 

                           Jersey. 

      6.        John, B. (2006). Higher Engineering Mathematics:5th Copyright _c 2006. 

     7.      Institut National des Sciences Appliques. Derivation des fonctions,Cours  

                 de Mathematiques   1ercycle, 1ereannee. Lyon 

    8.        A. J. Sadler, D. W. S. Thorning (1987). Understanding Pure Mathematics, 

                 Oxford University Press. 

 


