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Learning Unit 1 — Solve algebraically or graphically linear and quadratic equations

or inequalities

LO 1.1 - Correct solving algebraically or graphically a linear equation and inequality in

accordance with the required steps

e Solve linear equation

Definition:

A linear equation is an equation of a straight line. For example:

v=2x+1
Bx==6+3y
v

I.'F|

=3-x

The general form of the linear equation with one
variableisax + b =10

Where a, b € R: and a # 0 the value of x in which
the equality is verified is called the root. (solution of
the equation).

How to solve a linear equation?

* A linear equation is a polynomial of degree 1.
*  In order to solve for the unknown variable, you must isolate the variable.

* In the order of operation, multiplication and division are completed before
addition and subtraction.

The linear equation can be solved algebraically or graphically.

v' Algebraic method

Example

Solve the equation 4x—-7=9

Solution

(i) Isolate x to one side of the equation
AX-T+7=9+7

4x =16

(i) Divide both side by 4

ax_16

4 4

XxX=4

The root of the equation is 4

This method used is known as algebraic method



v"  Graphical method
4x—-7=9

Draw the lines y=4x—7 and y=9.

}

/
i /
¢ i T The solution is given by the value
] ,Er, /1 on the x-axis immediately below
1 g / \ the point where y=4x— T and
— 5 ; : yv=9 cross.
14 :
113 fll'll :
12 : The solution is x = 4.
: é | Sqlutipn |x = 4
HN BV ERENE i
LY
__é .I" NW=4x7
4
sl
6l
/
_|_ 7

e Solving a linear inequality

v Algebraic method
They are solved as linear equations except that:
(a) When we multiply an inequality by a negative real number the sign will be reversed

(b) When we interchange the right side and the left side, the sign will be reversed.

Example
Solve: 2(x + 3) < 10.
Solution
Ix—-6<10
2%-6+6=<10+6
| 2x <16

—2x -.,_E

- - ]

7 L

X = =0
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v" Graphical method

The graph of a linear inequality in one variable is a number line. We use an
unshaded circle for < and > and a shaded circle for < and =.

The graph for x = —3:

A

-4 -3 2 - 0 1 2 3 4

Solved example

Solve the following inequality

2x—6 < 2.

Solution
Add 6 to both sides: 2x—6+6;:2+85
Divide both sides by 2: FEEZ

X4

Open circle at 4 (since x cannot equal 4) 1—’—(—'—'—'—'—¢—'—D
and an arrow to the left (because we want 0 4
values less than 4). Fig 5.4

Exercises

Solve and graph the following:

1. v=3 4, ‘}.-’";‘—2
2. y=t x_3 5. 2y-x<6b
y= 342 B. %+2::=x

LO1.2 Discuss on parametric equations

e Definitions:

v' Parameter

v' Parametric equation

In case certain coefficients of equations contain one or several letter variables,
the equation is called parametric and the letters are called real parameters. In

this case, we solve and discuss the equation (for parameters only).

e Solving steps



Solve and discuss the equation (2 —-3m)x + 1 = m*(1 —x)
Solution

(2-3mx +1=m*1-x)

2x—3mx+ 1 =m’—m'x

x-3mx+mx-m'+1=0
X2-3m+m)-—m’+1=0 )

)
X2-3m+m)=m'-1

m'—| _m=Um+1] m+]
2-3m+m*  (m-1)im-2)  m-2

A=

Iif m = 2, then there is no solution.

. |
If m # 2, then the solution is X = —
< m-2 g

Notes

In the example above we can see that after finding the value of x, it follows a discussion so that we can

validate the solution

Parametric equations in one unknown
If at least one of the coefficients a, b and c depend on the real parameter which
is not determined, the root of the parametric quadratic equation depends on the

values attributed to that parameter

Example

Find the values of k for which the equation x* + (k + 1) x + 1 = 0 has:
(@) two distinct real roots
(b} no real roots.

Solution

A=k+ 17 -4 =+ 17 -4

=k+2k+1-4=kK+2%k-3=k+3k-11=0thenk="ork=1.
Tableofsignof A=k’ +2k-3 =k +3)k-1)

—_k | |
Factors ——__ | —° _? | T
k+3 — 0 + +
k-1 - - ? -
ik+3ik-1) + tl} - l'.III +

Fig. 6.7
a) For two distinct real roots; A>0 andso k<3 ork = 1.
bl Fornmnorealroots A<Qandso-3 <k<1. 1




Exercises

1. Find the range of values of m for which the equation (m—-3jx* - 8x+4=0
has

@ two real roots {b) no real root
ic)  one double root.

(=]

Find the range of values of k for which the equation x* -2k + )x + k*=0

has:
{a) two real roots (b) no real root
{c) one double root.
3. Find the range of values of m for which the equation 2x’ - 5x + 3Im-1=0
has
a) two real roots (b) no real root

{c) one double root.

4. Find the set of values of m for which x* + 3mx + m is positive for all real
values of x.

LO1.3: Solve algebraically or graphically two simultaneous linear equations

e Solving algebraically two simultaneous linear equations

What are simultaneous linear equations? How do we solve them?

A linear equation in two variables x and y is an equation of the form
ax + by = cwherea# 0, b+#0 and a, b, c are real numbers.

- . fax+by=c
Let us consider such equatnon[ L Y= where a, b, c,a,b,andc, are
constants. ax+by=c,

We say that we have two simultaneous linear equation in two unknowns or a
system of two linear equation in two unknowns.

The pair (x, y) satisfying both equations is the solution of the given equation.

Consider the following example:
Claire and Laura are sisters; we know that
(i)  Claire is the elder sister;
(ii)  their ages added together give 20 years,
(iii) the difference between their ages is 2 years.
Let x= Claire's age, in years and y= Laura's age, in years.
x+y=20
X—y=2
This is an example of a pair of simultaneous equations.



We can solve such systems of linear equations by using one of the following
methods:

1. substitution method

2. Elimination method

3. Comparison method

4. Cramer’s rule

1. Substitution method

This method is used when one of the variables is given in terms of the other.

Example

Find the simultaneous solution of the following pair of equations: y = 2x - 1,
y=x+3.

Solution

y=2x—1

Note that the system can also be written as , then

2x-1=x+3 y=%+3
X=4

Andsoy=4+3

: f

So, the simultaneous solution isx =4 andy = 7.

2. Elimination method

Elimination method is used to solve simultaneous equations where neither variable

is given as the subject of another.

) R 5x + 3y =12

Folve simultaneously, by elimination: 7x + 2y =19
Solution

{Sx +3y=12 .. ..(1)

7X+2y=19... ... (2)

We multiply (1) by 2 and (2) by -3:

{1 Ox + 6y = 24

—21x —by =57

Adding the two equations term by term gives:
-11x=-33

x=3

Substituting x = 3 into (1) gives:

5(3) +3y=12

15+3y=12

Jy=-3
y=-1

kHence x = 3, y =—1 is the solution to the system of equations. )




3. Comparison method

Let’s consider the following simultaneous equations
3x -2y =2
7X + 3y =43

Steps to solve the system of linear equations by using the comparison method to find the
value of x and y.

Now for solving the above simultaneous linear equations by using the method of
comparison follow the instructions and the method of solution.

Step I: From equation 3x — 2y = 2 --------- (i), express x in terms of y.
Likewise, from equation 7x + 3y = 43 -------- (ii), express x in terms of y.
From equation (i) 3x - 2y = 2 we get;

3x = 2y + 2y = 2 + 2y (adding both sides by 2y)

or, 3x =2 + 2y

or, 3x/3 = (2 + 2y)/3 (dividing both sides by 3)

or, x = (2 + 2y)/3

Therefore, x = (2y + 2)/3 ---------- (i)

From equation (ii) 7x + 3y = 43 we get;

7X + 3y - 3y = 43 - 3y (subtracting both sides by 3y)

or, 7x = 43 - 3y

or, 7x/7 = (43 - 3y)/7 (dividing both sides by 7)

or, x = (43 - 3y)/7

Therefore, x = (-3y + 43)/7 ---------- (iv)

Step II: Equate the values of x in equation (iii) and equation (iv) forming the equation in y

From equation (iii) and (iv), we get;

(2y +2)/3 = (<3y + 43)/7 ---n-omo- (v)
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Step III: Solve the linear equation (v) iny

(2y + 2)/3 = (-3y + 43)/7 ---------- (v) Simplifying we get;
or, 7(2y + 2) = 3(-3y + 43)

or, 14y + 14 = -9y + 129

or, 14y + 14 - 14 = -9y + 129 - 14

or, 14y = -9y + 115

or, 14y + 9y = -9y + 9y + 115

or, 23y = 115

or, 23y/23 = 115/23

Therefore, y =5

Step IV: Putting the value of y in equation (iii) or equation (iv), find the value of x
Putting the value of y = 5 in equation (iii) we get;
x=(2x5+2)3

or, x = (10 + 2)/3

or,x =12/3

Therefore, x = 4

Step V: Required solution of the two equations
Therefore, x =4 andy =5
Therefore, we have compared the values of x obtained from equation (i) and (ii) and formed an

equation in y, so this method of solving simultaneous equations is known as the comparison
method. Similarly, comparing the two values of y, we can form an equation in x.

04. Cramer’s method




3x—2y=17
4x+5y=-8

Step 1: Find the determinant. D. by using the x and y values from the problem.
-8

Example 1: Use Cramer’s Rule to solve:

D=|Z ‘Sz|=15—(—8)=23
15

Step 2: Find the determinant, Dy, by replacing the x-values in the first column with the valw
after the equal sign leaving the y column unchanged.
16

p:=|"] —z|=85-16=69

85

Step 3: Find the determinant. Dy, by replacing the y-values in the second column with the
values after the equal sign leaving the x column unchanged.
68

3. 17

4 =g
-24

Step 4: Use Cramer’s Rule to find the values of x and y.

Dy=| =—24—68=—-92

The answer written as an ordered pair is (3, —4).

e Solving graphically two simultaneous linear equations
Let’s consider the following example:

Use a graph to solve the simultaneous equations:

x+y=20
x—y=2
Solution
We can rewrite the first equation to make y the subject:
x+y =20
y =20-x

For the second equation,

x—y =2
x = y+2
xX-2 =y
or
y=x-2

Now draw the graphs y=20-x and y=x-2.
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The lines cross at fhe point with coordinates (11, 9), so the solution of the pair of
simultaneous equationis x=11, y=9.

Example2

Use a graph to solve the simultaneous equations:
x+2y =18
3x—y=5

Solution

First rearrange the equations in the form y=...

x+2y =18
2y = 18— x
g 18 — x
; 2
X
os gy 3
4 2

Eiatal



=
=

3x—y =5 - Ay 349
3x = y+5 8 = /
- [d.7)
3x-50 =y /
6 —
or / {_}_E

v =3x-5

Now draw these two graphs:

The lines cross at the point

with coordinates (4, 7), so

the solutionis x=4, y=1T1.

[ e I e ™ D i 5 = B = B S 5 o |
.“‘-_

&n

LO1.4: Solve algebraically or graphically a quadratic equation .

What is a quadratic equation?

The term quadratic comes from the word gquad meaning square, because the
variable gets squared (like x¥). Itis also called an “equation of degree 2" because
of the “2” on the x.

The standard form of a quadratic equation looks like this:
ax*+bx+c=0

where a, b and ¢ are known values and a cannot be 0.

“x" is the variable or the unknown.

Here are some more examples of quadratic equations:

2x*+5x+3=0 Inthisonea=2b=5andc=3

x1-3x=0 Forthis,a=1,b=-3and c =0, s0 1 is not shown.

5x—-3=0 Thisoneisnotaquadraticequation. ltismissingavalueinx*i.ea=0,
which means it cannot be quadratic.

e Different method of solving algebraically a quadratic equation

v’ Factorizing method



Let us use an example, x* — 5x + 6. To solve x* — 5x + 6 = 0 we must first factorise
x? — 5X + 6. To do this we have to find two numbers with a sum of -5 and a
product of 6. The numbers required are -2 and -3, 50 x* - 5x + 6 = (x — 2)}{(x - 3).

In solving this, we use the following law:

When the product of two or more numbers is zero, then at least one of them must
be zero. Soifab=0thena=0o0rb=0.

Example

Solve for x:

xX*=3x+2=0

Solution

X¥*3x+2=0

We need two numbers with sum -3 and product 2. These are —1 and -2.

X*=3X+2=xx-1N{x-2)=0
x—=1=00rx-2=0
Xx=1or2

v’ Square root property

This property states: if A and B are algebraic expressions such that A> =B, then A= +./B . This method
is used if the form of the equation is: x> =k or(ax+b)®> =k where k represents a constant

Steps to solve quadratic equations by the square root property:
1. Transform the equation so that a perfect square is on one side and a constant is on the other side of the
equation.
2. Use the square root property to find the square root of each side. REMEMBER that finding the square
root of a constant yields positive and negative values.
3. Solve each resulting equation. (If you are finding the square root of a negative number, there is no real
solution and imaginary numbers are necessary.)
Example
Solve the quadratic equation ( x+1)° = 49

(x+1)2=49

1. (x+1)2=49

2. \m = +1/49

3. x+1=70orx+1=-7

5]

x=6 or x=-8

v' Completing the square method



2
Let’s consider the equation X+ 2x—-8=0

Step 1- find the completed square formof xZ + 2x - &8
¥+ 2¢-8
Halve the coefficient of x (which here is 2) and add to v in a bracket squared

v+ 1)

Expand out the bracket

c+ 1P = +2x+1
Subtract the 1 from both sides
o+ 1)7F-1=x"+2x

Now substitute this back into v* + 2v - & for the first two terms

VA2 -8=nx+1F-1-8=0

(x+1)2-9=0

Step 2- solve this quadratic equation for x
+1F-9=0

Add 9 to both sides

(x+1)7=9

Square root both sides

x+1==5

Subtract 1 from both sides

x=-1%5

x=-1-5 or x=-1+35

Solutions x =-4 or 2

v" Quadratic formula

Example

Use the quadratic formula to solve the equation x> +2x—-8=0



Step 1- get the values of a, b and ¢ to use in the formula
av +bx+c=0

+2x-8=0

Therefore

a=1b=2c¢=-8

Step 2- substitute these values for a, b and ¢ into the quadratic formula and go
on to simplify and solve for x

x =-b b2 - fac)
Za

-2 +N(2)2 - ((4)(1)(-8))
2(1)

X

I
+

N(4-(-32))

X =-

NI6

—— F=_0
r=-2-6 or X 246
2 2

Solutions x =-4 or 2

Exercises

Solve by factoring and then solve by completing the square.

1.x2+2x—8=0
2.5 — 8x+ 15=0

3.2+ 2y—24=0



12y2 = 12y+11=0
5.2 4+3t—-28=0
6.t2—-Tt+10=0
7.2x%2 +3x—-2=0
83x —x—2=0

9.2y —y—1=0

e Graphical resolution of a quadratic equation

v Construction of a parabola

We know that any linear equation with two variables can be written in the form
y = mx + b and that its graph is a line. In this section, we will see that any
quadratic equation of the form y = ax® + bx + ¢ has a curved graph called a
parabola®.

Line Parabola

yv=mx+b yv=ax  +bx+c

il

Example 1: Graph by plotting points: y = x> — 2x — 3,

Solution: In this example, choose the x-values {-2, -1, 0, 1, 2, 3, 4} and calculate the
corresponding y-values.



X v Points
2 5 y=(=2)'=2(-2)-3=444-3=5 (-2.5)
-1 0 y=(=1y =2(=1)=-3=142-3=0 (-1, 0)
0 3 y=(0)'=2(0)-3=0-0-3=-3 (0, -3)
1 4 y=(1)Y=2(1)-3=1-2-3=—4 (1, -4)
2 3 y=02) -2(2)-3=4-4-3=-3 (2.-3)
3 0 y=(3)-2(3)-3=9-6-3=0 (3.0)
4 5 y=(4)"-2@)-3=16-8-3=5 (4, 5)

Plot these points and determine the shape of the graph.

Answer:

—Sv
When graphing, we want to include certain special points in the graph.
The y —intercept is the point where the graph intersects the y-axis. The X —intercept is the point where
the graph intercects the x-axis. The vertex is the point that defines the minimum or maximum of the
graph. Lastly , the line of symmetry (also called the axis of symmetry ) is the vertical line through the

vertex about which the parabola is symmetric.



Line of Symmetry
L W

x-intercepts

h Vertex
v" Determination of solution

In using this method, we draw a graph of a quadratic function by creating a table of values. The solutions
or roots are obtained by reading-off the x-coordinates of the point of intersection of the curve and the
horizontal axis (when the equation = 0) Recall that the quadratic can have a maximum of two roots — this
occurs when the graph cuts the x-axis at two distinct points.

If the x-axis is a tangent to the curve, then the two roots are equal to each other and so there is just one

solution. If the curve does not cut or touch the x-axis, there are no solutions. These cases are illustrated

below.

Graphofx* —4x+3=10

Therootsarex = landx =3




Graphof4x®> —4x+1=0

1

Thereiscmlyoucrool.,x=7

Graphofx? +2x 4+ 8=0

)

1 o 1 2

There are no solutions — the graph does not cut or
touch the x-axis.




LO 1.5: Solve algebraically or graphically a quadratic inequality

e Solving algebraically a quadratic inequality

v’ Factorization of the given inequality
v' Determination of roots
v Study of sign

v" Determination of interval of solutions

Form of a quadratic inequality:

After rearrangement, quadratic inequality has the following standard form
ax> +bx+c¢>0
t |

> < <

+00

-2 2
Examplel
Solve the inequality (x + 3)(x -2) > 0.
Solution
The critical values are x = -3, x = 2.
The required sign diagram is:
X
- oo 3 )
Factors 7 <
X+ 3 0 { t
X~ 2 — - 0 .

(X 4+ 3)(xX=2) 4+ 0 -2 0 +
Fig. 6

The answerisx <-3orx>2 & x€] —=, -3 [U

—
»
o
X
—

e Graphical resolution of quadratic inequality

v Plotting a parabola
v Shading the region satisfying the given inequality

v" Determination of interval of solutions

Example
Solve graphically the following quadratic inequality
x* —4x+3>0

Solution
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The standard form  y = (x — 2)* -1

By factoring, we have y = (x —=1)(x - 3)
therefore, the rootsare x =1, x =3

The inequality is satisfied in Y v>0
the shaded domain.
7 . Qo
The solution is O i\j/3 x
x<l, x>3 ) [ T ——
' v<0
Exercises
Solve the following quadratic inequalities

1. ¥ -17y+70<0 2. X 49x+13>-7
3. x(x+1)>112-5x 4. a +3a+2<-3a+2)
5. 2x"<5x-2 6. 10-9y=-2y°
7. B(b+3)=-2 8. a’<4(2a-3)
9. ' -17y+70<0 10. x> +9x+13>-7
11. x(x+1)>112 —5x 12. a’>+25<10a



Learning Unit2- Apply fundamentals of trigonometry

LO2.1. Describe angle

e Angle definition

Basic Definitions

Angle: A measure of the space between rays with a common endpoint. An angle is typically measured by
the amount of rotation required to get from its initial side to its terminal side.

Initial Side: The side of an angle from which its rotational measure begins.

Terminal Side: The side of an angle at which its rotational measure ends.

Vertex: The vertex of an angle is the common endpoint of the two rays that define the angle.

Terminal
Side / Angle
Vertex  imitialSide
v" Rotation

To rotate an angle means to rotate its terminal side around the origin when the angle is in standard

position.

Rotation of an angle # by 90°



Recall
(a) An angle is acute if it is between 0° and 90°.
(b) An angle is a right angle if it equals 90°.
(¢) An angle is obtuse if it is between 90° and 180°.

(d) An angle is a straight angle if it equals 180°.

AL B .

(a) acute angle (b) right angle (c) obtuse angle fd) straight angle

e Angles measurement

v’ Radians
v' Degrees
So far we have been using degrees as our unit of measurement for angles. However, there is another way
of measuring angles that is often more convenient, the radian.
What is a radian?
One radian is the measure of the angle made from wrapping the radius of a circle along the circle’s

exterior.

-

s

e Units conversion

[ T
Degrees to radians: x degrees = Q@x} radians
: : (180
Radifans to degrees: x radians = —-x] degrees
h
360° = 27 radians
Example
a) Convert 65° to radians. b) Convert 1.75 radians to degrees.



Solution

a)
0 m A
1° = —— radians
180)
65° = 65X —
180
= 1.134 radians
b)
y 180
l radian = — degrees
- . _ 180
1.75 radians = 1.70 X =——

w

100.268°

e Pythagorean theorem

Theorem 1.1. Pythagorean Theorem: The square of the length of the hypotenuse of a
right triangle is equal to the sum of the squares of the lengths of its legs.

a? + b? = ¢2




Example
Suppose we wish to find the length of the hypotenuse of the right-angled triangle shown in
Figure 4. We have labelled the hypotenuse c.

a=3
b=4
Figure 4.
Using the theorem:

a’ + b &
324+4%2 =
9416 = ¢
25 = ¢
5 c

So 5 is the length of the hypotenuse, the longest side of the triangle.
So. 12 is the length of the unknown side.

Example
Suppose we wish to find the length g in Figure 6. The statement of the theorem is now

2

P +q =1

15°4+¢> = 172
225+q° = 289
q2 = 64

So, 8 is the length of the unknown side.



LO2.2:Determine the trigonometric ratios

e Definition of trigonometric ratios

Consider a right triangle AABC, with the right angle at C and
with lengths a, b, and ¢, as in the figure on the right. For the acute
angle A, call the leg BC its opposite side, and call the leg AC its
adjacent side. Recall that the hypotenuse of the triangle is the side
AB. The ratios of sides of a right triangle occur often enough in prac-
tical applications to warrant their own names, so we define the six
trigonometric functions of A as follows:

adjacent

Name of function Abbreviation Definition
opposite side
sine A sin A = ey =
hypotenuse
adjacent side
cosine A cos A = SRETRNORR
hypotenuse
opposite side
t tA tan A = —_—— =
e e adjacent side
hypotenuse
cosecant A csc A = — =
opposite side
secant A sec A = ____h).fpotenu.se =
adjacent side
adjacent side
cotangent A cot A = J— =
opposite side

|

oo

(Sl =

R

Q| o o o

aq1soddo




Example

For the right triangle A ABC shown on the right, find the values of all six trigono-
metric functions of the acute angles A and B.

5
Solution: The hypotenuse of AABC has length 5. For angle A, the opposite side
BC has length 3 and the adjacent side AC has length 4. Thus:
A 4
ite 3 dj t 4 ite
E- opposi _3 cos A = adjacent 4 fiar opPosx _
hypotenuse 5 hypotenuse 5 adjacent
hypotenuse 5 hypotenuse 5 adjacent
c8CA = —— = — secA = ——— = — cotA = ———
opposite 3 adjacent 4 opposite

For angle B, the opposite side AC has length 4 and the adjacent side BC has length 3. Thus:

snB = opposite _ 4 cos B = adjacent _ E tan B = opPosit,e _
hypotenuse 5 hypotenuse 5 adjacent
hypote 5 hypote 5 dj t

GeR = DRTEUP r?use = — secB = —ypc'> = okl = S _)ace.n =
opposite 4 adjacent 3 opposite

e Calculation of trigonometric ratios of special angles,30°,45°,60°, ...

Trig Functions of Special Angles (0)
Radians Degrees sin@ cos @ tan @
0 0° ﬂ -0 ﬁ -1 E -0
2 2 Vi
/e 30° vi i V3 Vi_v3
2 2 2 v3i 3
e | e | 2 |2 |z,
I‘l 2 2 7z
/0 60° V3 it B_g
2 2 2 V1
/s 90° "_24 _1 ‘2_0 —0 undefined

= |

ol

|

|



LO 2.3: Apply trigonometric identities

Relationship between trigonometric ratios of some angles

v' Complementary angles
(a) Two acute angles are complementary if their sum equals 90°. In other words, if 0° <
/A,/B=90° then ZA and /B are complementary if ZA + /B =90°".

v' Supplementary angles

(b) Two angles between 0° and 180° are supplementary if their sum equals 180°. In other
words, if 0°< ZA, ZB < 180° then ZA and /B are supplementary if ZA + ZB = 180°.

Trigonometric ratios of Sum or difference of two angles: Sine, cosine, tangent
cos (@ + B) =cosacosf — sinasinf
cos (@ —f) =cosacosf + sinasinf

[ ]
sin (a + B) =sinacosf + cosasinf
sin (a — f) =sinacosff — cosasinf
tana — tan f

1+tana tanf

) tana +tan )
tan (a + ) = tan (a — fB) =
( A 1—tana tanf ( g

e Trigonometric ratios of double angle: sine, cosine, tangent

= cos?@ —sin?@
= 1—2sin%8
= 2cos?8 —1

sin 280 = 2sinfcoséd cos 28

2 tan @

tan 20 = =——
1 —tanZ@



LO2.4: Solve trigonometric equations

e Solutions of equations reducible to the form

v osin(x+o)=

cas[1+a |r|'=]
an(x+or )=

sinnx=FK
cos ??.'l.'=-;1'|

SN

b+ 2k

sina=sinb< a=
{ﬁ—b+2k'ﬂ'

b+ 2k

cosa=cosh < a=
{—b+2k'ﬂ'

Examplel

Solve the following trigonometric equation

Solution

We know that

=sin

¥

£ H

. T . T
sin( x+—) =sin —
3 4
& x+%:%+2k7r or x+ 2 =z-Z 1 2k'z

= X:—1+2k7z or X:5—7T+2k'7r
12 12

S

{X = —£+2k7r}U [X =5—ﬁ+2k'7r}
12 12
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Some important equations and their solutions

cosxv=1 < x=2kn l:i:EE}
cosx=-]1 = x=n+21kn l:il:EZ)

cosx=10 C}1'=;+Fm (keZ)
sinv=1 & v="42kn (keZ)
2

sinv=-1 < .1'=—E+ 2k (I(EZ}
)

sinxy=0 < x=kn (kEZ}

Example of trigonometric equations with solutions

Example 1

Solve for x:v/3sinx—2sinxcosx=0, 0<x<2r.

Solution: Factor the expression on the left and set each factor to
Zero.

sin.\‘\[.’-) —2smxcosx=0
(sinxX\B —~2cosx)=0

smx=0 or \/:’;—2cosx=0
3
x=0,7 COS X = —
2
7 1z
X = —
6 6

Answers: x=0, 2 e -l-—l£
6 6

Example 2

Solve for x:sin’x—sinx-2=0, 0<x<2r.

Solution: Factor the quadratic expression on the left and set each
factor to zero.

sin” x—sinx—2=0

(sinx—1)(sinx+2)=0

smx—1=0 or smx+2=0
smx=1 sinxy=-2
T ; . oila
x= 3 No solution. (Since the minimum value

of sinx is -1, it cannot equal -2.)

T
Answer: x= 5



Example 3

Solve for x:tan2x=1, 0<x<2x.

Solution: Solving tan@ =1 first, we know that tan% =1 (QI) and

tanST’r =1 (QIII). So /= % +/m , where /m is integer multiples of

the period of the tangent function.

For our problem:
6=2x=%+m1 for n=...-10,1.2,...
»=E,.Z (dividing by 2)
8 2
B T Y or .. 137 .
X——g(lf’l-—O), ?(lfﬂ-—l),'?(lfn-—z), T(lfn-—-3)

Note: If n <0 or n >3, the resulting x values are not in the interval
of 0<x<2r.

Solutions of equation of the form asinx+bcosx=c

Dividing each term by / a’ + b we get the given equation

b
va? + b? va?+ b

sinz +

a
va? +b?
b

Now for solving such equation, assuming cos @« = ——— and

V& B

a

sina =

Observe that it is compatible as cos’a +sina = land tana =
a =tan ! ( a)
N b

and then the given equation becomes



c

cosTCosa +sinzrsina = ——
2 A
va? + b2

G

va? + b?

orcos(z — a) =

and hence # — & = 2% + 6081 ——
va? + b?

C
and z = 2nmw + cos ' (—) +

B TR, 10
VaZz + b2

orz = 2nw +cos ! __£ + tan 1(3)
VaZ + B2 b

Example

Solve the following equation sin 2x + V3cosx=0

sin(2x) = «/?:cos(x)
2sin(x)cos(x)= chos(x)
2sin(x)cos(x)—\/§cos(x) =0

cos(x)(2sin(x)—\/§) =0

_ . 3 _ T
Then cos(x)=0 or sin(x)= - From cos(x) =0, we obtain x =—+ 7k for integers k. From

: 3
sin(x) = - we get x = % +27k or x= ZTE + 27k for integers k.

3
>

2T

The answers which lie in [0,271') are x = and T

RN
Ly

LO 2.5: Solve triangle

e Methods of solving triangle

v Sine Law
Used when we have a non-right angle triangle (Oblique triangle) where we are given at least one “set” of

information-an angle and its opposite side



a b OR SinA _ SinB _ SinC
SinA  SinB  SinC a b ¢

Example
In triangle ABC, B = 21°, C = 46° and AB = 9cm. Solve this triangle.

Solution

We are given two angles and one side and so the sine rule can be used. Furthermore, since
the angles in any triangle must add up to 180° then angle A must be 113°. We know that
c = AB = 9. Using the sine rule

a b 9

sin113°  sin21°  sin46°

So,
b 9

sin21°  sin46°

from which

b = sin 21° x = 4.484cm. (3dp)

sin 46°
Similarly

a =sin113° x = 11.517cia: (3dp)

sin 46°

v" Cosine Law

We use the cosine law if we are given two sides and a contained angle OR if you are given all three

sides and asked to find one or all of the angles

Cosine Law:

L To find the length of a side: OR to find the measure of an angle:

[1
b*+c*—a’
) a? =b?+c® —2bcCos A COSA=———
S 2bc
W a = 37.
b= 26 and ¢ = 42 we have
412 = [)2 b 4‘2 - 2])('('().\ A
from which
37% = 26° + 42° — 2(26)(42) cos A
26% + 422 - 372 07
cos A = ), +4 S = sl = 0.49041
(2)(26)(42) 2184
and so
A = cos~10.4904 = 60.63°
You should apply the same technique to verify that B = 37.76° and C' = 81.61°. You should

also check that the angles you obtain add up to 180°,



LU3 Apply fundamentals of complex numbers

LO 3.1 Conceptualize complex numbers

e Description of complex number

v Definition and properties of " i
v' Real part
v' Imaginary part

A complex number is a number of the form a + bi, where a and b

are real and i*=-1 ori= \[—71 | The letter “a’ 1s called the real part and ‘b’
1s called the imaginary part of a + bi. If a = 0, the number 1b is said to be a
purely imaginary number and if b = 0, the number a 1s real. Hence, real
numbers and pure imaginary numbers are special cases of complex
numbers. The complex numbers are denoted by Z . 1.e.,

Z=a+Dbi

In coordinate form, Z = (a, b).
v Set of complex number

By C we denote the set of all complex numbers, that is,
C={z:z=x+1iy,xeR,y e R}.

e Geometric representation of a complex number

v" Argand diagram

@ We can represent the complex number z = x + iy by a position vector in
the XY —plane whose tail is at the origin and head is at the point (x,y).

@ When XY —plane is used for displaying complex numbers, it is called
Argand plane or Complex plane or z plane.

@ The X-axis is called as the real axis where as the Y-axis is called as the
imaginary axis.



“T 3+4i

44+2i

2.3i

Argand Diagram

v

LO 3.2 Operate on complex numbers

e Calculationsin (U ,+,)

(1) Addition:
It Zi=a, +by1 and Z,=a,+ by then
Zy+Zy=(a;t bi) *+ (ay + by 1)
=(a; +ay) +1(b; + by)
(11) Subtraction:
Zi— Zr=(a;+bi)—(ay + by 1)
= (a1 —ay) +1i(by — by)
(1)  Multiplication:
Zy Zr=(a;+bi) . (ax + by 1)
=aj ay + bybi’ +arboi + biasi
= (a; a2 — biby) +1(a;bs + bjay)
(iv)  Division:
z; a;+bn
Z> a,+ba



Multiply Numerator and denominator by the number a; — b, 7

in order to make the denominator real.

Z1 aj ‘|‘b]i ﬂg—bgi

- = DX :

V4 at+tbil 7 ay-bs
_ (ajay + byby) +i(bay —a; by)
- 322 + bgz

ajaz+bib;  bjay-bih
= 1 2 2
as + b3 a + b

Generally result will be expressed in the form a + 1b.

Examples
Add and subtract the numbers 3 + 4i and 2 - 7i.

Solution:
Addition: B+4)+2-T)=3+2)+i4-7)=5-31
Subtraction: 3+41)—-(2-71)=3-2)+1(4+7)=1+11

Example 2: Find the product of the complex numbers: 3 + 41and 2 — 71.
Solution: (3+4i) (2-7i)=6-21i + 8i—28i’
=6+ 28 -131
=34 - 131
Example 3: Divide 3 +4i1by2 - 71
Solution: 5T 41 AT _h X 2t 7i.
2-71 2-"1h 2+

_ 6+28i" +i(21 +8)
B 4+ 49
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2+1)(d-1) .

Example 4: Express 1_3; in the form of a + 1b.
Solution: (2+1)(1 -1 _2+DhHh+i1-2) 3-1
ofution: 431 - 43 T 431
3 4+ 3i _(’l2+3)+i(9_4)
4-3i " 4+3 16 +9
15+1(5) 15 5 .
25 25 251!
5 s
, , _ 1 +4
Example 5: Separate into real and imaginary parts: 311
Solution :
1+4i 1+4i 3-i
347 3+ 3-i

_B3+H+i1(12-1) 7+1h
B 9+ 1 10

7
Here, real part=a= 10

; . 11

And maginary part =b = 10
v" Modulus of a complex number

The Modulus or the absolute value of the complex number
Z =a+1bis denoted by r, |Z| or |a + 1b| and 1s given by,

r=|Z|=|a+1b| =\/az+b2

Thus the modulus |a + 1b| 1s just the distance from the origin to the
point (a , b)
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Example

For z=2 + 3iand w = 6 — i. determine each of the following.

(a) |7| (b) |w| (c) |zw]

Solution (a) |z| = J22+ 32 = /13

7

]

®) |w] = V6> + (1> =

(c) Because zw = (2 + 3/)(6 — i) = 15 + 16i. we have

v Square roots of a complex number

Example: Find the square roots of the complex number 21— 20i

Solution:
Let a+ib=+/21-201
Squaring both sides
(a+ib)*>=21-201
a’— b’ +2abi=21-201i
Comparing both sides
as— b =21...... ... (1)
2ab=-20.......ciii (2)
From (2) b=- ? Put b 1 equation (1).
2 =]
a
a'—21a’-100=0
(a>—25)(a°+4)=0
a’ =25 or |
a=+5 or a=i\/—_4 =+21

But a 1s not imaginary, so the real value of a 1s
a=>35 or a=-5

The corresponding value of b 1s



b=-2 or b=2
Hence the square roots of 21 — 201 are:

5-21 and -5+2i1
Example 2

Find the square roots ofz = 8 - 6i.

Solution

Let x + yi be a square root of z.

then (X' -y* =8 ifx=3 or x==3
X2+y2=].0 y:—]_ y:]_
xy=-3

Therefore, the square roots of 8 —6iarez =3 —iandz, = -3 +1i.

e Solving equations in complex humber

v' Quadratic equations

Quadratic equations

Type: az® + bz + ¢ = 0, where a#0, a, b, ¢, are constant complex numbers, z :
unknown.

Solving equation az*+ bz + c=0

Case 1: All the coefhicients a, b, ¢, are real numbers.
A=b>-4ac eR
b+ VA

If A>0 then the equation has two district real roots z =————and z, =

b-VA
2a

2 b
If A = 0 then the equation has a repeated real rootz =z, = - —.
' 2a

If A < 0, then the equation has two complex conjugate roots:



Examplel

Solve, in the set of complex numbers, the equation 42> — 4z + 5= 0.

Solution
A=(-4)-4(4) (5)
=-64
= (8i)?
448 1 4-8i
2= —g—=5+iz,= 54—
Example2

_1 M
_2—1

Solve, in the set of complex numbers, the equation;

1
(i) Z2+(1+i)z+5=0

Solution

(ii)) 2?+(5-i)z+8-i=0

(i) A=(1+12-4() (3)=0

—(1+1)
2,=2,= —>
1 1
=5t

(i) A=(5-i)>-4(1)(8-1)
=-8 - 6i
A squarerootof Aisd=1-3i

~(5-i) +(1-3i)

= - 24
(5-i) - (1-3i
- ’)2( U &



LO 3.3 Perform calculations of complex numbers in polar form

e Definitions
v' Argument of a complex number

e A complex number is written in the form

2 =x+iy.

e The modulus of 2 is /

2| = r =22 + 92 7

e The argument of 2 is

5 Y
arg z = # = arctan (—) -
T

Note: When calculating @ you must take account of the quadrant in which 2 lies - if in doubt draw an
Argand diagram.

v Polar form of a complex number

A complex number in the form of a + bi, whose point is (a. b). is in rectangular form and can
therefore be converted into polar form just as we need with the points (x. y). The relationship
between a complex number in rectangular form and polar form can be made by letting 8 be the
angle (in standard position) whose terminal side passes through the point (a, b).

Fy r'y
a+bi (a,b)
b+ : b+
I : r=lz
—
— 5 |
a a
. b b
smie=— cos:ﬁ':E tanfd =—
¥ ¥ a
rsn@==b rcosf@=a
r=|z|=+a’+b’

Using these relationships, we can convert the complex number z from its rectangular form fo its
polar form.

z=a+bi

z={(rcos 8) + (rsin 8)f
z=rcos®+risin®
z=r(cos 6 +isin 0)



Finally, the polar form of the complex numberis Z = r(cos @& +isin &)
Examples
01. Write Z =2+ 2i in polar form.

Solution

Here x = 2 and y = 2, so that r = v22 4+ 22 = /R = 2y/2 and

(SN I ]

a = arctan = /4.

Here 2 lies in the 1°* quadrant, therefore argz = 6 = /4
Using the formula for polar formwe get Z =2+2i = 2\/5(0052+ Isin Z)

e Calculations

v Polar form of product and quotient of two complex numbers

If z; =r(cos@, +ismng,) and z, =r,(cosd, +ismé,) then their product =z, 18 given by:

55, =1 [cos(ﬁl +6,)+isin(6 +6, )]

If z, =r(cos @, +isinf,) and z, =r,(cos b, +isiné,) then their quotient ~* is given by:
“2

:_1 — i[cos(@l - @2 ) +f5i11(t91 - 82 ):|
I, h
Examplel

Find the product of the complex numbers z; = 4(cos 32° + i sin 32°) and
z)=3(cos 61° +isin 61°). Leave the answer in polar form.

Solution

2,2, = [cos (6,+6,)+isin(6,+6, )]

2,2 2_( )(3 [CDS (32°+61°)+isin(32°+61° )]
12[c0s93°+isin93°]

=1=2



Example2
Find the quotient of the complex numbers z; = 12(cos 84° + 7 sin 84°) and

zy=3(cos 35° 7 smn 35°). Leave the answer i polar form.

Solution

- - [003(81_63)+jsm(81_82):|
2

[y

7

Ly | by
[ b [ %)

12 | cos(84°—35°)+isin(84°—35°) |

3

“L = 4[cos49° +isin 49°]
=)
v" Power of complex number in polar form and De Moivre’s theorem

If z=r(cos@+isind) then raising the complex number to a power 1s given by
DeMoivre’s Theorem:

" =7"(cosn@+isinné); where n is a positive integer

Example 1
Use DeMoivre’s Theorem to find the 5® power of the complex number
z = 2(cos 24° + i sin 24°). Express the answer in the rectangular form a + bi.

Solution

2" =7" (cosn@+isinnd)

=7 =2°[cos 5(24°) +isin 5(24°)]
=’ =32(cos120°+7sin120°)



Example 2

Express each of the following in terms of cos x or sin x
(a) cos2x (b) sin2x (c) cos3x
Solution

cos2x+isin 2x = (cosx+isinx)>?
= (cos’x - sin’x) + (2 sinx cos x) i
We obtain:

{cos 2x=cos’x—sin’x

sin2x=2sinxXcosx

(a) cos2x = cos” X — sin ’x
=cos?x - (1 - cos?x)
=2 cos’x -1

(b) sin 2x = 2sin X cos X

cos 3x+isin 3 x = (cos x + i sin x)?

(d) sin3x

= (cos®x — 3 cos x sin”x) + (3 cos? x sin x - sin*x)i

(¢) cos3x = cos’x — 3cos x sin’ x
=cos’x - 3 cosx (1 - cos*x)
=4 cos*x - 3 cosx

(d) sin3x =3 cos’xsinx—sin*x
=3 (1 —sin*x)sinx—sin®x

= 3 sin x — 4 sin® x.



v' Changing a complex number from polar form to algebraic form and vice versa

We sketch a vector with initial point (0,0) and terminal point P(x, y). The length r of the vector
is the absolute value or modulus of the complex number and the angle & with the positive x-axis
is the is called the direction angle or argument of x + yi.

y
A

P
xX+yi
|
' |y
|
0 6 X [ » X

Conversions between rectangular and polar form follows the same rules as it does for vectors.
Rectangular to Polar
For a complex number x + yi

|x+yil =r= x2+y2
Yy

tanf = -, x+ 0
Polar to Rectangular
X = rcosé@
y = rsin@
The polar form r{cos@ + isin@) is sometimes abbreviated
rcisé@
Example
Convert — /3 + i to polar form.
Solution

x=—43 and y = 1 so that

r= J(-43)"+12 =2

and
J3
tan@ = = ‘l/§ ——n
Here the reference angle and for @ is 30°. Since the complex number is in QII, we have
6=180°-30°
g =150°
So that — /3 + i = 2¢is150°. Inradian mode, we have
—J3 +i=2cis SG—K



Polar to rectangular

Example
Converting polar to rectangular form is straightforward.

4cis240° = 4cos240° + isin240°

Note that the i follows an integer or fraction but precedes a radical, an "unwritten rule” of
mathematical writing style.
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